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e =1 e X XL 2§ 1Y)
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X - X 2 4 ¥ 2i
e +e =1+X—+X—+...=é(x_)
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f(ty,t) = f(t+d,to+d) " d® f(t1-t2)
Addition formulas

sin(A+B)=sin AcosB+cosAsinB
cos(A+B)=cosAcosBFsinAsinB

tanA+tanB

l¥tan Atan B

cot AcotB ¥l

cotB+cot A
Sum, difference and product of trigonometry function
oA+ Oos BA+Bo

tan(A+B) =

cot(A+B)=

sinA+sinB=25in8 a 8 > é;
sinA- sinB=ZCosiéE’A‘2 gs ?ZB;
cosA+cosB=ZCos?§6‘2 gco ?6‘2 g
COsA- cosBzZsingeA‘ ; ?A‘—g
sinAsinB:%(cos(A- B)- cos(A+B))

cosAcosBzé(cos(A- B) +cos(A+B))
sinAcosB:%(sin(A- B)- sin(A+ B))

Revision

Cauchy-Schwarz Inequality : (EXY)? £ EX?EY?

Proof:
Let Q(I ) =E(X- 1'Y)"=EX?- 21 EXY +] ’EY?3 0




Let min Q(I ) occursat | o, then
EXY

YZ

dilQ(l )=-2EXY+2 EY?=0P |, =

2
EXZ EXY+aEEXZQ EY? = 12
Y SEY? 5 EY

Q(l,)=EX?*-2

(Ex2EY?- (EXY)’)

1
EY?
1

EY?

If Q(l ) > 0, then

(Ex?EY2- (EXY)?)>0p EX*EY?>(EXY)’

If QU ) =0, then —_(EX*EY?- (EXY)?) =0p EX?EY? = (EXY)’

X and Y areuncorrdated iff EXY = EX EY

i (974(v))

V=000 1, (5)= 3 0°()

Random Process
X(tw) 2{X, tT T}
If we fix the value of t, say as t¢ then we get random variable X(s)= X (t¢s)
If we fix the value of s, say as s¢ then we get the sample function
X(t) = X (t,s9

Covariance and Correation Function

autocorrelation function of the random process { Xi}
R (tut,) =EEX, X, §

cross-correlation function

Ry (tuty) =EEX,. Y, §

covariance function of the random process { X}
Kx(tt2) = cov(X,, X, )

=E((x, - BX,)(X, - BX,)) =BX,X, - EX,EX,
= R (t.t,)- EEX, HEEX, H
ny(tl,tz) = COV(th,YtZ)

= R (tut,) - EEX, HEEY,H

Example
Xi ~ bernoulli(p) , i.i.d.




EX =p(1) + (1-p)(0) =p
EX2=p(1)°+(1- p)0*=p
VAR(X) =
E(X-EX)? = p(1-p)* + (1-p)(0-p)° = (1-p)(p)(1-p+p) = p(1-p)
- EX*—(EX)*=p-p® = p(1-p)
Y= 5 X
Yi ~ binomial(i,p)
EYn=nEX=np
& 0 ?
&

EYnzzEga X =nEX?+§ EX,;X; =nEX?+(n’- n)(EX)
i=1

it

nZ- nterms
:np+(n2- n) p®> =np+n*p? - np?
VAR(Y:) = E(Y, - EY,)" =
nVAR(X) = np(1-p)
EY,” - (EYn)2 =(np+n2p2 - npz)- (np)2 =np- np? =np(1- p)
VAR(Y YY) wherem?® n

Observe:
If m>n,
g
YYo= a X

i=n+1

If m<n, consider Y -Yrninstead (since VAR(-Z) = VAR(2))

Yo¥m= & X

i=m+1
In any case, thisis the sum of |m-n| different X;, so
VAR(Y mYr) = [m—n| p(1-p)
cov(Ym,Yn) Wherem?® n

VAR(Y,, - ¥,) =E(Y, - Y,) - (E(Yu- ¥))°

=E(Y,-V,)" - (EY,- EY,)

= (EY,” +EY, - 2BY,Y, )- ((EY,) +(EY,)’ - 2EY,EY,)
=(EY,” - (EY,)°)+(EY, - (EY,)’)- 2(EVY, - EY,EY,)
=VAR(Y, ) +VAR(Y,) - 2cov(Y,,Y,)



cov(¥,,.Y,)

:%(VAR(Ym +VAR(Y,)- VAR(Y, - Y,))

L 1

= (o p)+np(a- p)- -l p(- ) =3 p(2- p)(m+n- - )
1 .

IlEP(l- p)(m+n- m+n) ;ifm>n imp(L- p) :ifm>n

=1 | |

}%p(l- p)(m+n- n+m) ;ifm<n Tmp(l p) ;ifm<n
=p(1- p)min(mn)

Example : Random-telegraph process
Def:
Real random proc&es{xt ¥ <t<+¥}

P{Xt = ] P[Xt l] = —

I t) et
P(kt) = % fork=0,1, 2, ... ~Poisson

= probability that k transversals from one value to another occur in atime interval
of length t

| = average number of transversals per unit time

Occurrence of k transversalsin an interval of length t is statistically independent
of the value assumed by any particular sample function at the start of the given

interval
P(x, =X,)=P(X, =1|X,_ =1)=P(X, =0|X_ =0)§ P(k,- t,])
evenk
:%(1+e-2|t)
1,11

EXi= Ox=+1x-=—
2 2 2

R, (t.t,) = EX, X,

=10P(X, =1 X, =1)+10xP(X, =1 X, =0)
+00P(X, =0,X, =1)+00%P(X, =0,X, =0)

=P(X, =1X, =1)



|
=
X
I
=
X
I

2 1)P(Xt2=1)=%P(Xt1=1|xt2=1)

1o lee,, ' +e''6_1 _
ZEQ\%kP(k’|tl- t2|) :Ege 't T;_Z(l+e 2t )
_1 -2l [t - t]
—Z(1+e )
K = = 1_1 oy
« (tot) = R (t.t,)- EX EX, =R (t,t,)- 2-2°

Stationary

The random process { X, t 1 T} is(strictly) stationary if and only if

all of the finite-dimensional probability distribution functions are invariant under
shifts of the time origin.

That is
" n (including n = 1), and
" set of timeinstants {t; T T,i=1,2,...,n}

Fa oo (XXX ) T Py xen (%0 %000 %)

"x il {12 ...,n} and
"t suchthat (t+t) T T forall i

the k™ moment of any stationary random process is a constant function of time
EX(, = EX{ because F, (x)=Fy (x)

However, E(X, X, ) =R (t.t,) =R (- t,) =R (t)

The random process { X, t 1 T} iswide sense stationary (stationary to the second
order) if and only if

1) E[Xt] = E[Xta] = My and
2) Rx(t,t-t) = Rx(t)
= Rx(t+d, t+d-t) " d" t = Rx(t¢ t¢t) " t" t¢

Ex. Z; =Y cos(t) + X sin(t)
EX=EY =0

X,Y areindependent b EXY = EXEY =0
EX?=EY?=s?

EZ, =cos(t)EY +sin(t)EX =0
R (t.t:)




=E2,7, =E(Ycos(t,)+ Xsin(t))(Ycos(t,) + Xsin(t,))
- (£ Jeos(y)es(e) + (B (L))

+ (EXY) (cos(t,)sin(t,) +sin(t,)cos(t, )
=(EY2)cos(t1)cos( o)+ (Exz)sm(tl)sn(tz)
=s ?(cos(t, ) cos(t,) +sin(t,)sin(t,)) =s 2cos(t, - t,)

Z; is stationary in the wide sense, since EZ; is constant with time, and R(t,t)
depends only on the time difference t = t;-t,.

Not strictly stationary since EZ;> depends on time.

Rx(-t) = Rx(t)

Proof:
Rx(t) =Rx(tt-t)

Rx(-t) = Rx(t,t-(-t )) = Rx(t,t+t) = EX Xt = EXi X¢ = Rx(t+t t)
= Rx(t+t-t,t-t) ; fromw.ss.
= R(t,t-t)
IR (t) £ EX? =R (0)

Proof :
Cauchy-Schwarz Inequality : (EXY)? £ EX?EY?

(R (t))" =(EX,X,.. )’ EEXZEXZ, = EXZEX?=(EX?)

W.S.S.

(Ret)) £(EX?) P [R. (1) £[EX

= EX,?

If Rx(t) of agiven processis continuousatt =0, then it is aso continuous at
every other valueof t.

If Rx(T) = Rx(0), then
Xt =X "'t
Proof
E(|Xer - %) = XX + BX X, - 2EXr X,
=Ry (O) + Ry (O) - 2R, (O) =0
~® X¢= X1
Processis periodic with period T Rx(t+T) = Rx(t)
Proof: Ry (t +T) = EXyur X, = EX oy Xo = EX X =R (1)

The random process { X, t T T} iscovariance stationary if and only if

Ky (tt-t) =K, (t¢tet )" t =K, (t)

strictly stationary ® wide sense stationary ® covariance stationary




converse does not necessarily hold true

Proof: strictly stationary ® wide sense stationary
n=1 f (x)=fx, (x) "t

¥ ¥
EX. = Oy, (X)dx= ¢y (x)dx=EX, =mx
-¥ -¥

n=2 fxtlvxtz (Xl’xz) = fxtl+dvxtz+d (Xl’xz) ;" d’" tl’" t2
¥ ¥

R (b +d,t, +d) = O X P s X (%, %) dxdx,

+'KO/*‘< +'KO/
kg,« *®

% fx‘l’x‘z (X1,X2)d)(1dx2 =Ry (tl,tz) ' d

\ R (tuty) =R (- 1) =R (t)
Proof: wide sense stationary ® covariance stationary
Ky (tt,) = Ry (tut,) - (EX, )(EX, ) = R (t,- t,) -
\ Ky () = Ky (- ) = Ky (t)

If {IX(D)}isstrictly stationary, then {Y(1)} = {g(X(D)} is strictly stationary

proof:
Consider finite-dimensional F, (y)

=

w0 (¥)=PY M £y)=P(a(X (1)) £y)=P(X (1)1 {X:9(X)£})
whereY, t,y, X, x are al n-dimensional vectors.
Since { X(t)} isstrictly stationary,
forany d =(d.d,....d),
NN/

n- dimension

P(X(O)T {X:9(x)£y})=P(x(t+d)T {x:9(X)£¥})
Therefore,

proof for wide sense stationary

=6 (0= £ (X ()= 00() f (e o




¥ ¥

R (t,t,) =E&9 (X (1)) 9(X (t.))B= O09(%) (%) Fuyxp (X0 % Jxa,

-¥ -¥

Since { X(t)} isstrictly stationary,
fx(t) (X) = fX(t+d) (X)
Fxxw) (x%) = F (hsa) X (a) (%)

forany t, ty, t, d
&)1

EQr(t)g=EgY(t+d)g foranyt,d

b EgY(t)g = constant for all t

R (t.t,) =R (t +d,t, +d) forany ty, t, d
P R(tt-t)=R/(t) foranytandt

Example
{Xr, k=1,2, ..} iscollection of i.i.d. M{0,s?) r.v.
{Ti,i=1,2, ...} isacollection of i.i.d. exponential r.v. whose common p.d.f. is
£ (t)=e't3 0
{Ti,i=1,2,...} isindependent of { Xy}
LetS=0and S =T;+... + T fork?3 1.
The time-continuous r.p. {Z, t 3 0} isdefined by Z; = X for Sc1 £t < S..
That is, Z; stays at the value X; over thetimeinterval [0, Ty),

then jumps to the value X, at which it stays for the next T, seconds,
then jumps to X3 and stays there for the next T3 seconds, and so on.

my(t) = 0

I
o

EZ, P(sK_l£t<sK)Exk:§P(3K_1£t<sK)Ex

1 k=1

¥
o

=EX@ P(S.,£t<S)=EX =0
k=1

=
1

R, (t,s)=s %"
Exponential distribution has no memory: P(T, >a+b|T, >a)=P(T, >b)
fora>0,b>0
P(T, >a+bT, >a) _P(T >a+b) e
P(T, >a) P(T, >a) e’

:e’b

P(T,>a+b|T >a)=

P(T,>b)=¢"
Consider the probability that t and sfall into same interval = po



Whent £ s, t must fallsinto some interval, says Sc1 £t < S
=P(S.,£5<S S, £t<§)
:P(SC %-1>S' %-1’S>S<-1|S<' %-1>t' %-1’t>3<-1)
$3t1,0t>S,.® s>S;
po:P(Tk>S' ST >t- Svl):P(Tk >s-t+t- § [T, >t- %1)
0
—P(}T >(s-t)+(t- S.,) [T, >t- S ,+=P(T, >s- )=
8 b a a ﬂ
Whent>s, p,=P(T, >t- 5)=¢ (9.

[s-Y

P, =¢€
When t and sfall into sameinterval, Z; = Zs says = Xk.
This occurs with probability po.
Whent and sarein different interval, Z; 1 Zssays Zi = Xke, Zs = Xkes
This occurs with probability 1-po.
R, (t,5) = EZ,Z, = p,E(X, X ) *+(1- py) EXyeXe

= PEX, +(1- py 5)(;)/ po(s +pzf</) gls

from mdependence

{Z} isstrictly stationary in the sense that { z} and { W} share identical joint
distributions, where W; = Z.p for any nonnegative time shift D.

Consider n-dimensional joint c.d.f. of {Zti 1 :l2,...,n}

Fozoz (2020002)

We can always decompose it as summation of multiplication of one-dimentional
p.d.f

For example, when n =2
Fryz, (202) = PoFy (min(2,2))+(1- po) Fy (2)Fy, (2) 11 K

where po = probability that no jump within (ty,to) or (taty) = el
Since { X} isi.i.d., al one dimensiona p.d.f. are the same.
o, joint p.d.f. of {Zti 1=12,..., n} is dependent on fx(x) and the relation
between t,, t,

We knows that t, , t, fall into the same interval or not only depends on the
difference between t, and t, (Because T is exponential distributed.)

Thus, when we shift tj to ti.¢" ti, i = 1,2,...,n, the difference between and two t;, tp
stays the same, i.e. the probability that t,, t, are in the same interval is unchanged.

Therefore, F, , 2 (2.20.2,)=F, 2z (2020000 3).



Z; isagaussian random variable.

f.(2)= é(P(SK.lﬁ‘t <8)f (2)=
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¥

= fx(Z)élP(SK.lﬁKSK): f(2)

{Z} isnot a gaussian random process.
If Z,,Z, arejointly gaussian,

2 N
e S COV(Ztl th)u é g2 Sze'\tl'tz\g ,€ 1
|_:§ 2 n=é 2 - It-ty 2 u=s-e -ty
Pov(z,2) st g et st g et

N

<
=
<
|
N

Faz (Wv,)=€ !
However

F 2,2, (Vl,vz) = Eej (Wzy +v2,,) =D, Ee’ (aXi v Xi) (1_ po) Eej(le""wzx"‘)

= pOEej(V1+V2)Xk +(1_ po) Eel“XeEgi: X
= poF X (Vl +V2) +(1- pO) F X (Vl) F . (Vz)

(v +v,)’s 2 wWs? o ws?
=P 2 +(1' po)e e ?
(w+v,)’s? wWs?  w’s?®

= e' ‘tl' tz‘e_ 2 +(1_ e' ‘tl'tz‘)e_ 2 e 2
Fa.z, (V,,V,) does not have the form of jointly gaussian characteristic
function. So, {Z} is not a gaussian random process.

Gaussian Random Variable

gaussian random variable X with mean m and variance s?:

1 _(x—m)2
f X) = e 25 2
<= s
random variables X3, X», ..., X, are jointly gaussian random variables iff
1 -aAdnlmix-m)
fxtl,xtz,u.xtn (Xlaxz,,xn) :ﬁe 21 o1
(20)2[L]2

where




m=EX ;i=12 ..n
L = covariance matrix = (I ij)n'n = (cov(xﬁ Xy ))

- (<60),

|L|ij = cofactor of the element | j; in the determinant |L |

n n

Assumed that L is nonsingular

X1 and X; arejointly Gaussian random variables, if and only if

.2 L. L. .2
B X, 0 B BXy 8- X, 0 By X, O

T - 2r : : :
§S><15 élengz hé Sx2 g

_ 1 21-r?)
f X% ) = e :
e (%) 20S Sy \1- 12
Cov(X,, X,) E(X;X,)- EX,EX,

where r =

S xS, SxSx,

If EXa=EXz=0ands, =s, =s

} xlz— 2r xlx2+x22

_ 1 232(1—r2)
fxl,xz (XI,XZ)_a)SZ 1.- I’z e
. E(X,X,) _R (t)
2 2
S S

If Cov(X,,X,) =0 (or Xy IL Xz which also make Cov(X,, X,) =0)

2 2
Bq-EX 0 Bo-EX, Q

1 B S & S¥x2 g

o (1) = 0, (1) B (1) =52
X2 X,

Cov(X;,X,) =0® r =0

&, - Exlgz_ o B EX; ;- Exzia%— Eng2
§ S 5 §S><1 gsxz 5& Sx2 &
f _ 1 21-r?)
X, (%) = e

=1, (%) Ty, (%)

Gaussian Random Process

A real random process { X} isagaussian random processif and only if
for every n (given any arbitrary set of ntime instantsty, t, ..., tyintheindex set T),




the random variable X, X, ,..., X

tn
are jointly gaussian random variables
form the components of an n-dimensional gaussian random vector

If areal gaussian random processisw.s.s., then it isalso s.s.

Proof:
Fromw.ss,

EX, =m; =m constant
Ky (t.8) = R (t.1;)- EX,EX, =R (t- t;)- m?

L

2‘ ‘éé““u(xi_ m)(X]' mj)
i=1 j

1
F o, (0 Xars X)) = ———€

()7L

Then, f e (0% % ) = T e (XXX, )

Bussgang’s Theorem
Input: { X(t)} isazero-mean stationary Gaussian random process.
Output: {Y (1)} isdefined by Y (t) = g(X(t))

g(® is an instantaneous nonlinear device (i.e., an ordinary real-valued function of a
real variable).

®
{Y(t)} isnot necessarily Gaussian.
{Y(t)} isadtrictly stationary random process

Rxy(t) = C Rx(t), where C = iz E(X, >g(X,)) constant not depends on t
s

b If the input to an instantaneous nonlinear device is a stationary Gaussian random
process, then the crosscorrelation function of the input and output is proportional
to the auto correlation function of the input

Proof:
X1 and X, are jointly Gaussian random variables, if and only if
& - Exlij2 38 - EX; 088, - EX, 0 8, - Exzij2

§ Sxq g_zré Sxq g Sxa ;é Sxz if
1 2[1-r?)

e )
) T

Cov(X,, X,) _ E(X;X,)- EX,EX,

where r =
S XIS X2 S XIS X2
In this problem,
EXi1=EX>,=0

From stationaryness, s , =S, =S




} xlz— 2r xlx2+x22
232(1— r2)

=E(X,.Y,)= E(th,g(th))

¥
= C\)C\)Xig()(Z)fxn,xx2 (%, %) dx,dx,
-¥

2 2 .
X1~ - 21 XqXo +X
¥@ 1 1 Xp T %5 (0]

1 _ 25 %(1-r2)

y &; ) (%-r x2)2+(1— r 2)x22 o)
G 1 2s 2(1— r 2) -

)
I O

2 2) y C(arrx)
BE) 1 e,
ZpSz 1-r2 \/5 Sz(l- rz)

¢

¢

¢

¢ Gaussian mé=r x,,s €=32(l—r2)
&

e

R
g
RS

Q- el el e el e O

m¢

2
¥ X
N

= gox)e = L rx 2, =1 gx(x,)
v 8\/58 [1] -¥ \/ES

g2
e =" dx,

e_édxz = SizE(xt xg(X,))

1 ¥ 1
Therefore, C= — )%, g(x
52_9)(2 (Z)N/Zps

A w.s.s. (strictly stationary) continuous-time Gaussian r.p. X(t) is Markovian
if and only if K, (t)=K,(0)e™",

where a isreal and positive




aft|

For 0-mean, canuse R (t ) =R (0)e

Linear Transfor mation

Linear transfor mations on finite-dimensional random vectors

Y =g(X) =gwnX wheredim(X) =n3 m=dim(Y)
transformation g is alinear transformation iff g(aw +bz)=ag(W)+bg(Z)

where
aand b are arbitrary real constants and
W and Z are arbitrary real random vectors

General linear transformation : Y, = § g, X, wherei=1,2,...,m
j=1

ev =4 o,8x,

ij
=1

Qo-
Qos

COV( i’Yk): 9 9« COV(xj!xr)

{1l
LY
—

!

j 1

9 9 COV(Xj J Xr)

Qos

sv =cov(Y,Y) :én

j=1r=1

_‘
!

EY =gEX
Ly =gLyg'
Ly =(cov(X;, X;))

Ly =(cov(¥.Y,))

Example: Linear transformation for two-dimensional real random vector X
Y1=01X1 + gioXo
Y2 = 021X1 + gooX2

5
If g has an inverse ?ﬂ Gz 4 0=, say h=(hy,hy), then

On 92 g
T(h,
™ (v y,) = '”((%?/22)) fy x, (hl(yl’ AL YZ))

EYl = gllExl + ngEXZ
EYZ = ngExl + gZZEXZ




=058 %, 55 X, + 2010, Cov( Xy, X,)
SY, =028 x T 925 X, + 2029, C0V( Xy, X,)
sy, =E(Y;- EY,) = E((9uX, * 0:2X;) - (94X, + gleXZ))z
=E(gy (X, - EX))+ gy (X, - EX,))
= g2E(X, - EX,)* + g2E(X, - EX,)?
+20,0,E(X, - EX,)(X,- EX,)
= 078 %, 055 %, +20,,0,,c0v( X, X,)
cov(Y,,Y;) = 01051 (S 3, )+ 020 (S %, )+ (01020 + 92021 ) OV ( Xy, X,)
EYY, = E(guX, + X, ) (92X, + 9X,)
= 010, EX{ + 0,0,EX5 + (9002 + 912021 ) EX, X,
:911921(5 % +(EX,) )+912922( +(EX,) )
+(9u02 + 920,) (cov(X,, X, ) + EX,EX,)
EY,EY, = (9.EX, + 0,,EX, )(9,EX, + 9,EX,)
= 0,01 (EX.) + 0,0, (s 2, +(EX,)") +(9.0, * 9,9,.) (EX.EX,)
cov(Y,.Y,) = EYY, - EY,EY,
= 002 (S %)+ 0202(5 2, ) + (9192 + 91,02 ) cOV( X, X,)



