Markov String: X;': p(x)=p(%) P(%[% ) P(%[Xe1) P(Xeat]% )+ P(X %01

e =Forallk, 1<k<n, p(xk‘xl"’l): P(X %)
e Ordered substring of Markov string is Markov:

For 0<n, <n,<--<n <n, (X,,X, ..., X, ) isalso a Markov string.
e Given X, (the present), we have X" (the past) and X, (the future) are independent:
p(xlk711 XI?+1 Xk) = p(X:+l|Xk) p(le.(il|xk) )

e Given X,,wehave X, and X,,, areindependent: p(X ;. %.1|% )= P(Xc|% ) P(%.

X)-

<-em, . <N,

r+j —

e For0<m<m,<---<m <k<m

r+l

p(xk+1 Xk)"' p(xm|xm—l) :

e Forl<k<n,and k+l<m<n, p(x;“+1 xk)
b p()(;:_l le()z p(xlil Xk)
e Reverse Markov string is also a Markov string

P(%) P(%a %)+ P (X% )+ P [Xoa) = P (%) P(Xoca %0 )+ P (X Xein) - P(x:[x; )
e Ordered grouped Markov string is still a Markov string: Letko =0, 1<k <k, <---<k,=n.For1</<m,

define y, :(Xk,,ﬁl’xk/,ﬁl ..... X, ) Then, y;" is a Markov string.

Proof of equivalent statement:

“_um
1) _ p(xf) _ p( PlLA2 Xk—l)p(xk|xk—l):
p(xk‘xl ) p(X1l<—1) ) o) P(%[%c1)-
“_um

p(%)= P(x) P(%:[%) (%) = P (%) P(%: %)+ P (%, %,
Proof of properties
p(xln) - p(xi) p(X2|X1)--- p(Xk |Xk—1) p(xk+1|xk)"' p(xn |Xn—1)’ then,

a) p(x)=p(%)P(%[x)P(%]%_.) forall 0 <k<n.(X/ is also a Markov string)
Proof. p(Xln_l) = Z p(Xl) p(X2|X1) p(Xn71|Xn—2) p(xn|xn—1)

1

= p(Xl) p(x2|xl)---p(xn71|xn,2)2p n-1




By induction, we have p(x}')= p(xf‘(”‘k)): (%) P(%[% )+ P(X|%1)-
b) p(xl?):p(xk)p(xkﬂ
Proof. p(x3)=2"p(%)P(%]%)P(%]%,)- P(%, %, )

X

{Z p(x) p(lexl)j P(%s[% )P (% [Xo-1)
:(Z p(xl,Xz)] P(Xa %)+ P(%a[%2) = P(%) P(Xa[%) - P, %)

By induction, we have p(x;)=p(%)P(X.o% ) P(%[%.1)-

X )+ P(%,|%,) forall L<k<n. (X, is also a Markov string)

) p(x!)=p(%)P(%.
Proof. a) and b).

d) (6% ) = P(%) P(% %) P (% X2 ) P(Xe
Proof.

p(x™x(..)
=3 p(6)Pf)- P 1) P

xk)mp(xj‘xj_l) 1<k<j<n (ij is also a Markov string)

Xk—l) p(xk+2|Xk+l)”' p(Xn |Xn—l)'

%) (%[ %1
- k) k) ol )05 6) ol (x5
o)
xk_l)J P(X,2

Xk—l) p(Xk+2|Xk+l)"' p(xn |Xn—l)

= p(Xl) p(X2|X1)--- p(Xk—l|Xk—2) ; p(xk |Xk71) p(Xk+l Xk+1)"' p(xn|xn—l)

= p(x1) p(x2|x1)--- p(xk—l|xk—2) Z p(xk’xk+l Xk+1)"' p(Xn|Xn—l)

=p(%) P(%]% ) P(%sXe2) P(Xees
e) Ordered substring of Markov string is Markov.

Proof. c) and d). Use c) to cut the beginning and the end part of the string. Use d) to take any
amount from the middle.
X)

f) Given Xy, we have Xi.1 and X1 are independent: p(xk_l, X, 1

Xk): p(xk—l|xk)p(xk+l
x,)= (X 1% Xen)  P(%ca) P %es) P(%eaa| %)
)=

p(xk) p(xk)

_ p(xk—l’xk) X
o) P(Xc.s

Proof. p(X ;. %,

%)

Xk): p(xk—1|xk) p(xk+l



g) For j<k<m, p(x;.%,[x)=p(X[% )P (%, ]%)-
Proof. From e), (Yl,Yz,YS):(Xj,Xk,Xm) is a Markov string. Apply f) to complete the proof.

h) Forl<k<n,and k+l<m<n, p(xf‘+1

Xk): p(Xk+l Xk)"' p(xm|xm—l)'
Proof. Frome), X, isa Markov string. So, p(x')= p(X) P(%.x

Xk)= p(x7)

p(xk) = p(xk+1|xk)"' p(Xm|Xm—l)'
XT): p(xﬂl Xk)-

)= 20) T ol Bl Pl ) B (%o 01)
- pbd) 2] plsgfR) - plsen )
- p(xk+1|xk).“ p(xm|xm—1)= p(xlr:]ﬂ

x)
, Where the last equality applies h) directly.
j) For j+l<k<m=1, p(X %, x )= p (X% ) (X% ) -

k-1 k-1
Proof. p(XTl,X?+l|Xk)=p(Xj ,Xk’xlr<n+l):p(xj ,Xk) (X;:Ll

P(%) P(%)
X )

<n,

r+j —

p(xml ..... X+ Xy e xmm_|xk):p(xml ..... xmr|xk)p(xmm ..... xmw_|xk).

X )+ P(Xy] Xy ). And therefore,

p(xlrll

i) (X

Proof. p(xL“+l

k-1
X] ,xk)

= p(X;(_l|Xk) p(xlin+l
, Where the last equality uses i).

) For0<m <m,<---<m <k<m_, <---m

r+l

Proof. Because (xml ..... X s X Xy oo Xy ,-) is an ordered substring of a Markov string, it is

therefore a Markov string. The property follows from j).
m) Reverse of a stationary Markov string is also a Markov string

P(%) P (X% )+ P(Keur X )+ PO% %, ) = POX ) P(X0a %)+ P,
Proof.

X )+ P(%] %)



p(4)=P(%) Pl ) P(Xea )+ P (X0 %,1)
_ pb POwX)  P(XoXes)  P(XoaX)
pbg p(x) (%)
p(xl’XZ ”'p(xk’xk+1)”'p(xn—1’xn) p(xn)
P(X )+ P(Xen) - P(Xos)  P(X))
_ p(xl’xz)m p(xkyxkﬂ)_” p(xn—l’xn) (X )
P(x)  P(X) p(X,) "
= P([xe)- - P(x )+ P (xeca ) P ()
0) Ordered grouped Markov string is still a Markov string.
Letko=0,1<k <k, <---<k,=n.For1</<m,define y, =(xk}_ﬁl,xkﬁ_ﬁl,...,xkl ) Then, y;" isa
Markov string.

Proof. From i), we have 1) P(y,
P(yé|y/—l) = P(X::,ﬁl

Vi ) (Xk " xlkl) P(xk al%e )and 2)
X:;jﬂ) = P(Xk,,ﬁl XkH)' Hence, P(Y@‘Yi ): P(V/,I)‘//_l)-

MARKOV CHAINS (MC)

Vi>1 P(

(HAJ [TP(AJA)

k=2

J P(AlA)

one-step transition probabilities |P;; = Pr[Next state isj|Current state is i] = Pisi= P = p(j|i)

e generally, depend on the time (n) at which the step is taking place
transition probability matrix P = [P, |

L]

e To write P, start from the first row (currently in first sate), fill in each column of this first row with
probability that it will go to other state. (So, use out arrow).

[Row sums = 1|, Column sums don’t.
Xk or X(k)
e Discrete random variable
o Denote the state of the chain at time k.

P, ;(m,n) =Pr[ MC will be in state j at time n|MC is in state i at time m |
= Pr[X (n)=j|x(m)= i]

P(m,n):[Pi‘j(m,n)]



o {X(k)}isaMarkov chain if Vr e N/{l} , for any r times (moments, instants) k; <k, < ... <krand V
sequence j,,..., j, of states,

P[X (kr)— . X(kr,1)= jrfl,x(krfz): jrfzy---’x(kl)= Jl} = P[X (kf)= Jr

X (kr—l) = jr—l]

e “Given the present, the future becomes independent of the past.”
e Chapman-Kolmogorov Equations

e Fortimeindicesm<u<n, |P(m,n)=P(m,u)P(u,n)

Proof.
R (mim) = PLX ()= i X (m) =i] = X P(X ()= . X (u) =K X (m) =i)

k™ term in the sum is the probability of all paths from i at time m to j at time n that pass
through k at time u

Use P(ANB|C)=P(B|C)P(A|BNC).
n):Ek:P(x(n)zj\x(u)zk,x(m):i)P(x(u)zk\x(m)zi)
:Zk:P(X(n):j‘X(u):k)P(X(u):k‘X(m):i)
; from Markov property.
_ZPkJ (u,n)P, (m,u) ZP,k m,u)P, ; (u,n)

¢ All transition matrices P(m,n) governing (n-m)-step transition probabilities can be expressed in terms of 1-
step transition matrices {P(k,k+1)} in the case of MC.

~[TP(kk+)

Proof P(m,n)=P(m,m+1)P(m+1n)
=P(mm+1)P(m+1m+2)P(m+2,n)
=P(m,m+1)P(m+1m+2)---P(n-1n)

o Let p(m)=(po(m). p,(m
p(n)=p(m)P(m.n)*

Homogeneous MC with 1-step transition matrix P

)....) be the row vector of state probabilities at time m. Then,

e MC is homogeneous if all one-step transition matrices are all identical = 3P vk P(k, k+1) =
For homogeneous MC,

e P(mn)=pP""

!|Caution: x here means row vector]




e The (i,j) entry in P"™ is positive if and only if there is a path of length n-m from state i to state j.
Pp(n)=p(m)P""

P(n)=p(0)P"

e T =holding time in state k = the random duration of astay instate k. T € {1, 2,3 ...}

(—O

ke

e Letr = probability, if any, on the state’s self loop. T is geometrically distributed with parameter r.
e Pr[T=t]

= Pr[exactly t-1 traversals of self loop before leaving]

= (1-r)r?
e Holding time {Ty} of a discrete-time homogeneous Markov chain.

T, =min{¢=1:X (¢)= X (0)}

To=min{¢21: X (T, +...+ T +£) = X (Ty+...+T, )} fork>1

o {T\} are geometric random variable that are independent if one is given the sequence of states.

X(n)
A
""""" oot -8 060
-------- QOO 4o ooood
--------- F @ OO0
® OO0 = rhi
' ! ! L on
To ?E—H T, !

o {T.} are not identically distributed because, in general, the parameter r of the geometric distribution
varies with the state.



Classes of states

state i
recurrent transient
Pr[T, <o]=1 Pr[T, <] <1
7, =0
positive recurrent null recurrent
ET, <o ET, =
7 >0 7 =0

e Def:

e If p; (n) > 0 for some integer n > 1, state j is accessible from state i, and we write i — j.

(There is a sequence of transitions from i to j that has nonzero probabilitiy.)
e Ifi—jandj— i, then states i and j communicate, and we write i <> j.
e Two states belong to the same (communicating) class if they communicate with each other.

e Properties
e Ifi—>jandj— Kk theni— k.

Proof. If i — j then there is a nonzero-probability path from i to j. Similarly, j — k implies that there
is a nonzero-probability path from j to k. The combined paths form a nonzero-probability
path from i to k.

o iojojei
o {i—jandj< k}implies {i & k}
e Two different classes of states must be disjoint.

Proof. Having a state in common would imply that the states from both classes communicate with
each other.

e The communicating class of state i is C(i)= {j:i <> j}
e If C(i) =(, iisanon-return state

(once out to another state, never return here.)
o Ex.



P—— 4

\ - S==--

~ -

e Caution: if P;j; > 0, then state i is not a non-return state since i € C(i)
A non-empty class C of states is a communicating class if C = C(i) for some i.
e If C;and C, are communicating classes,

Then either C; =C,0or C,NC, =0

¢ All states in a communicating class have the same period, also called the class’s period.
e Ex. 1-state, transient communicating class:

~ -

e Ex. 1-state, absorbing communicating class:
\,{/A/\\/_

\
'
|
|
|
|
\

\ -
~ -~

The states of a Markov chain consist of one or more disjoint communication classes.
The state space of a MC can be decomposed into a union of the form C, uC, UC, U...

Where the C; are disjoint and each is either a communicating class or contains exactly one non-return state.
MC chain is irreducible or indecomposable if

= all pairs of states communicates

= entire state space consists of one communicating class

e Ex. reducible (decomposable) if has 1-state, absorbing communicating class

/’ AY
.
—i &
4 \
1 \
| \
1 \
1 1
l 1
1
\
\ ’/’
. .

Either of the following is a sufficient condition of an irreducible MC to be aperiodic
e Pji >0 for some i (self-loop)

e P">0 for some n (common path length for any state pair)

1, X=i

Define an indicator function: Ii(X)={O otherwise
, wi

Def: Suppose we start a Markov chain in a recurrent state i at time n = 0.



e LetT,(1),T,(1)+T,(2),... be the times when the process returns to state i, where T, (k) is the time that
elapses between the (k-1)" and k™ returns.
e 7, =the long-term proportion of time spent in state i.

(T. (k))::1 form an iid sequence since each return time is independent of previous return times. Let
T,(k) ~ T, and the mean recurrence time ET, = E[ T, (k)].

Def: State i is said to be
e recurrent if suppose we start a Markov chain in state i

(1) Pr[ever returning to state i]=1. = Pr[T, <] =1.

(2) the state reoccurs an infinite number of times. (E{Z I, (Xn)|XO = i} = oo).

n=1

(3) i pii(n)zoo

e transient if suppose we start a Markov chain in state i

(1) Pr[ever returning to state i| <1.

There exists some probability of going out of state i and never come back.
= Pr[T, <o]<1 = Pr[T, =] >0.

i
n=1

(2) the state does not reoccur after some finite number of returns. (E{z (X)X, = i} < ooj.

(3) 3 py(n)<oo.

Proof.

EX.

“(1) = (2)” Each reoccurrence of the state can be viewed as Bernoulli. Let y =
Pr[ever returning to state i] <1. The probability of having at least n reoccurrences isy". When

y <1, limy" =0. Therefore, a transient state reoccurs only a finite number of times. When y =1,

limy" =1,

n—oo

“(2) = (3)” We’ll show that

Expected number of returns to state i = E{i L(X,)| X, = i} = i pi ().
n=1 n=1

To see this, note that E[ I,(X,)|X, =i]=Pr[ X, =i|X,=i]=p,;(n). Hence

€ 2006 =1 = EDL (X)X =T]= 3 (0)




Recurrence and transience is a class property.
If state i is recurrent and i <> |, the state j is also recurrent.

Proof. If state i is recurrent, then all states in its class will be visited eventually as the process returns to i
over and over again.

From i <> j, we know that 3m,n p,(m), p,(n)> 0. Note that
p; (m+n+k)>p;(m)p;(k)p;(n) because the right side of the inequality is just one of the
possible paths to get from j back to j. Hence, we have

ipjj(k)zipjj(m+n+k Zpu ) pii (k) py (n)

k=1 k=1

omnofgac -

Since all states in a class communicate, if one of the states is recurrent, all of them are recurrent.

Now, suppose one of the states in a class is transient. This class cannot have any recurrent state;
otherwise, the rest of the states have to be recurrent, including the one assumed to be transient.
Therefore, transience is also a class property.




e The states of a finite-state, irreducible Markov chain are all recurrent.

Proof. Irreducible Markov chain consists of a single communication class. Therefore, either all its states
are transient or all its states are recurrent. Because the numbers in the cahin is finite, it is
impossible for all of the states to be transient.

Priodicity
o Def:

o Astate S; of a Markov chain is periodic if 3¢ e N/{1}, such that vk e N p; (k) =0 whenever k is
not an integer multiple of 7.

(Note, however, that we are not asserting that p;; (k) #0 when k is an integer multiple of ¢.)

e The period of a periodic state S; is the smallest integer ¢ >1 such that p; (k) =0 whenever k is not
an integer multiple of 7.
e Astate S; of a Markov chain is an aperiodic state if it is not periodic. A state S; is not periodic if

v/ eN/{1}, 3k e N such that k is not an integer multiple of ¢ and p;(k)=0.

e Properties

e A periodic state can have one and only one period.

e If any single state in a communicating class is periodic and has period d, then all states in that class are
periodic and have period d.

o If one state in a communicating class is aperiodic, then all the states in that class must be aperiodic.

Proof. If astate S, in the class is periodic of period d, then all the states in the class would have to
be periodic with period d. Since S; belongs to the class, S; would have to be periodic. Since
S; is known to be aperiodic, we have a contradiction caused by assuming that some state in
the class is periodic.

e Test for aperiodicity
() p;(1)=0 = state S; is aperiodic.

(b) If 3k;,k, e N such that p;(k;), p; (k,)>0 and such that k; and k, have no common divisors other than
1, the state S; is aperiodic.

Proof. (a) If p;(1)>0, then v/ e N/{1} 3k €N, namely k = 1, which is not an integer multiple of
¢ and for which p; (1) =0.

Proof. (b) V/e N/{l} , one or both of k; and k; is not an integer multiple of 7. Otherwise, ¢ #1 isa

common divisor of k; and k, which contradicts the assumption that that k; and k, have no
common divisors other than 1.

e Def:

e A communicating class is periodic of period d if any one state in the class is periodic and has period d.




e If any state of an irreducible Markov chain is periodic with period d, then we say that the Markov chain
itself is periodic with period d.

e Anirreducible Markov chain that has one periodic state is called an aperiodic, irreducible Markov
chain.

All the states of an aperiodic irreducible Markov chain are aperiodic states.

e If a Markov chain is irreducible, and if one state is periodic with period d, then all states of that irreducible
Markov chain is periodic with period d.

e Periodic irreducible Markov chains do not achieve probabilistic equilibrium
Limiting Probabilities

e Ifall the states in a Markov chain are transient, then all the state probabilities approach zero as n — .

e If a Markov chain has some transient classes and some recurrent classes, then eventually the process enters
and remains thereafter in one of the recurrent classes.

Therefore, we can concentrate on individual recurrent classes whenstudying the limiting probabilities of a
chain.

e MC chain possesses a limiting distribution, =, if
for all (independent of) initial conditions p(0), lim p(n)=1lim p(0)P" =z

o forget its initial conditions in the sense that E(n)—>@ as n — oo regardless of E(O)

e 1 isa limiting distribution if and only if Iim(P”)ij =, for all states i and j

n—o

e If p=pP,wesay p isan equilibrium distribution.

e Every finite-state MC has at least one equilibrium distribution.
o If alimiting distribution exists, it is the unigue equilibrium distribution
e Every finite state irreducible homogeneous MC has a unique equilibrium distribution.

e MC that has 2 or more absorbing state has infinite # of equilibrium distribution. (including ones that are
distributed among the absorbing states in any way.)

Limiting Probabilities of irreducible Markov chain

k
T(1)+T(2)++T, (k)

Since the state is recurrent, the process returns to state i an infinite number of times. By the law of large
T(1)+T(2)+---+T(k
O 1@ TR gy

e The proportion of time spent in state i after k returns to i is

number, with probability one, lim

So, the long-term proportion of time spent in state i approaches | — = r;/|.

e Def:




e State i is positive recurrent if ET, <co.
= 7, >0.
e Stateiis null recurrentif ET, = .
= r,=0.
e Ergodic states is a positive recurrent, aperiodic state.
e An ergodic Markov chain is an irreducible, aperiodic, positive recurrent Markov chain.

Positive and null recurrence are class properties.

{ni =é0} satisfies the equations that define the stationary state pmf: Vvj z; = Z”i R, ,and 1= Z”i .

Proof. Since 7; is the proportion of time spent in state i, then ;P is the proportion of time in which
state j follows i. If we sum over all i, we then obtain the long-term proportion of time in state j,

T .
J
For Markov chains that exhibit stationary behavior, the n-step transition matrix approaches a fixed matrix of

equal rows as n — oo. (Vi Vi p; (n) —> 7 ) The rows of this limiting matrix consisted of a pmf that satisfies
Vij :ZﬁiPij , and 1:Z:7zi .

For an irreducible, aperiodic, and positive recurrent Markov chain, vj lim p; (n) = r; Where r; isthe
n—oo

unique nonnegative solution of a pmf that satisfies 1) Vj =, = Zﬂ'i P, ,and 2) 1= Z”i :

Hence, for irreducible, aperiodic, and positive recurrent Markov chains, the state probabilities approach
steady state values that are independent of the initial condition. These steady state probabilities correspond
to the long-term proportion of time spent in the given state.

For an irreducible, periodic, and positive recurrent Markov chain with period d, Vj lim p;(nd)=dz;,
where 7, is the unique nonnegative solution of a pmf that satisfies 1) Vj r; = Zﬂi R, ,and 2) 1= Zﬂi :

As before, z; represents the proportion of time spent in state j. However, the fact that state j is constrained

to occur at multiples of d steps implies that the probability of occurrence of the state j is d times greater at
the allowable times and zero elsewhere.

Markov Theorem:
Every finite-state, irreducible, aperiodic MC possesses a limiting distribution.

e If MC is periodic, it doesn’t have a limiting distribution.

Ex.  Figure below has a unique equilibrium distribution (%%) But no limiting distribution.




1

Equilibrium probability

p = the steady-state or equilibrium probability vector
e p=pP (use“in” arrow)

° Q:(pla pg,...,pn), Zpizl
i=1

q q 1
G G
1 P p

Out of state: For any state, sum of probabilities on all arrows out of it equals 1.

(Not so for arrows in.)

e ptq=1

In the long run,

e p; = fraction of state transition in the long run that enter state i
e Consider the arrow into each state: p; = Z Pp

e into state:
P1=0Qp2 0 1
P2 =1p1 +qps q o0
Ds = ppz + 1pa (P P2y Pa, o) = (P Pas P )
P4 = PP3 0 0

e homogeneous.

e Togetsolution,add > p,=1

i=1

Ex. Solving technique for small system

= O T O

o T O O



q: q ! 1!
1] P :
e Use the blue boundary:
qp2:1p1
ap; = pp,
1p4:pp3
1 1 2
. 59tp1:1,thenp2=ap1=a- p3:§p2:q_p2' I04=Pps=%-
2 2 2
o 1+—+£2+p—2:w. Scale all p; by one over this.
a g q q
e Thus
P, = @ p, = d
gt q+p+p’ T P +q+ppt
_ p _ p’
3T 2 2’p4_ 2 2
g +q+p+p g +q+p+p

Probability of absorption

Let a be the state(s) for which we seek the probability that absorption eventually will take place there
f = Pr[Absoption will (eventually) occur in state a|Current state is i]

Note that
fa=1

fi= 0 if i is any absorbing state other than a.
o f=1fP'

e Equation for f; involves probabilities on arrows going out of state i.

fi=ZfJ—Pu
j

. q q 1-B L
1 0~080080080,0°
l-a P p



f =1

f,=0
f=af,+(1-a)f,
f, =qf, + pfy

f, =af, + pf,

f4=(1_ﬂ) fs"’ﬂfb
e > f donotsumto 1.

e Pr[eventually absorption occurs at a] = Z p; f, , where p;’s are calculated without the absorbing state(s).

Expected time to absorption

[ ] ei=

R [Remaining #transition

Just entered J

until absorption state i

e ¢;=0ifiisan absorbing state.
e equations: use the out arrow

€ :ZF)itoj(l+ej)=Z|:)itoj +Zpitojej =1+Zpitojej
j j j

]
o e=(l+e)P’

e note: put 0 (not 1) in P for P;; where i is an absorbing state. (This means row of 0’s for each absorbing
state.)

. e=L P (1-P")’
Time-Reversed Markov Chains

e Let X, beastationary ergodic Markov chain (an irreducible, aperiodic, stationary Markov chain) with one-

step transition probability matrix P = [ pij] and stationary state pmf {7[]} :

. : o . S T
The time-reversed process is also a Markov chain with one-step transition probabilities p; = —<Lp
TT.

ji
Pr|:xn+k _Xn+k:| T
_ n-1 n-1 _ Xn_1 an_l,Xn an 1 Xns1 pxn+k—1vxn+k

- nek _ o gnek |
Pr|:xn - Xn ] ﬂxn an,Xn+1 pxn+k—1vxn+k

T
— Xn—l pxn—l ' >(n

T

Proof. Pr[Xn_1 =X,

X:+k — Xn+k:|

n

Xp
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e The forward and reverse process must have the same stationary pmf
Proof. Since X, is irreducible and aperiodic, its stationary state probabilities {72'1} represent the

proportion of time that the state is in state j. This proportion of time does not depend on whether
one goes forward or backward in time, so {7[]} must also be the stationary pmf for the reverse

process.
e Another method for finding the stationary pmf of a discrete-time Markov chain:

Given {pij} , If we can guess a set of transition probabilities {qij} for the reverse process and a pmf {nj} S0
that Vi, j =q; =7;p;, then the {72'1} is the stationary pmf for the Markov chain and the {qij} are the
transition probabilities for the reverse process.
Proof. Vi,j mq;=7;p; = Vi Z”i p; = ﬂiZqij = ;. Hence, {72'1} is the stationary pmf. Because
J J

: . TP . . -
{nj} is the stationary pmf, q; = ZiPu is the transition probability for the reverse process.
T

Time-Reversible Markov Chains

e A stationary ergodic Markov chain is said to be reversible if

the one-step transition probability matrix of the forward and reverse processes are the same, that is, if
Vi, j ﬁij = Py
vi,j m P =7;P;i

(the proportion of transitions from i to j is equal to the proportion of transitions from j to i)

o
Proof. Use p; :;p

i

Discrete-time birth-and-death process

1-a 1-4a, 1-a, 1-4 1-g

e Discrete-time birth-and-death processes are reversible

Proof. For any sample path, the number of transitions from i to i+1 can differ by at most 1 from the number
of transitions from i+1 to i since the only way to return to i is through i+1. Thus, the long term

proportion of transitions from i to i+1 is equal to that from i+1 to i. (ﬂ'i Piiv =iy pi+1,i) Since these

are the only possible transitions, it follows that birth-and-death processes are reversible because it
satisfies Vi, j zp; =7;p;-



From 7,p,.., = 7, Pi..;» We have 7, =7, E”” =7, 1_a; . Hence
i+1,i i+1
aj—l"'ao ajil...ao
= 7y =Ry where R, = .
bo(t-ay)(t-a) T b(1-a)(1-a)

1

2R

j=0

If "R, converges, 7, =
j=0



