
FFTs (Fast Fourier Transforms) 
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Decimation in time FFTs  

• Given an N-pt signal x[n] , 0 ≤ n < N; assume N = 2L 
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• # computation (1 computation = 1 multiply & 1 add) 
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For large L, this is ~ L(2L) = N log2 N << N2 
• Butterfly Diagram: 

• N = 2 
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• N = 4 
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• N = 8 
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• Combination 
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• To get “input shuffle” of x-values, bit-reverse their indices 
• Typical pair computation: 
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• Power-of-3 thinking 
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Decimation-in-frequency FFT 
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• O(N log2 N) 
• Butterfly diagram 
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• N = 8 



[ ]
[ ]
[ ]
[ ]

[ ] [ ]
[ ] [ ]
[ ] [ ]
[ ] [ ]

[ ] [ ]
[ ] [ ]
[ ] [ ]
[ ] [ ]

0 0 0 4 0 4

1 1 1 4 1 5

2 2 2 4 2 6

3 3 3 4 3 7

f x x x x

f x x x x

f x x x x

f x x x x

     + + +
     

+ + +     
= =     + + +     

     + + +     

 

[ ]
[ ]
[ ]
[ ]

[ ] [ ]( )
[ ] [ ]( )
[ ] [ ]( )
[ ] [ ]( )

[ ] [ ]
[ ] [ ]( )
[ ] [ ]( )
[ ] [ ]( )

0
8

11
88

22
88

33
88

0 0 4 0 40
1 51 1 41

2 62 2 2 4

3 3 73 3 4

x x x xg
x xx xg

x xg x x

g x xx x

ψ

ψψ

ψψ

ψψ

−

−−

−−

−−

 − +  − 
     − − +    = =     −− +    
     −− +       

 

[ ]
[ ]
[ ]
[ ]
[ ]
[ ]
[ ]
[ ]

[ ]
[ ]
[ ]
[ ]
[ ]
[ ]
[ ]
[ ]

ˆˆ 00
ˆˆ 01
ˆˆ 12
ˆˆ 3 1

ˆ ˆ4 2

ˆ ˆ5 2

ˆ ˆ6 3

ˆ ˆ7 3

FX

GX

FX

X G

X F

X G

X F

X G

  
  
  
  
  
  
  

=   
  
  
  
  
  
        

 

 
x[0]  

x[1]  

x[2]  

x[3]  

x[4]  

x[5]  

x[6]  

x[7]  

1
8ψ −  

2
8ψ −  

3
8ψ −  

f[0]  

f[1]  

f[2]  

f[3]  

g[0]  

g[1]  

g[2]  

g[3]  

-1 

-1 

1
4ψ −  

4-pt DFT 

-1 

2-pt DFT 

-1 

2-pt DFT 

-1 

-1 

1
4ψ −  

4-pt DFT 

-1 

2-pt DFT 

-1 

2-pt DFT 

[ ]ˆ 0F = [ ]ˆ 0X  

[ ]ˆ 2F = [ ]ˆ 4X  

[ ]ˆ 1F = [ ]ˆ 2X  

[ ]ˆ 3F = [ ]ˆ 6X  

[ ]ˆ 0G = [ ]ˆ 1X  

[ ]ˆ 2G = [ ]ˆ 5X  

[ ]ˆ 1G = [ ]ˆ 3X  

[ ]ˆ 3G = [ ]ˆ 7X  

 
• Typical pair computation: 



 f[r] 

g[r] 
( )r

Nψ −  1−  

x[r] 

2
N

x r +  
 

 

Goertzel’s Algorithm 

• [ ] [ ] [ ]1k
Nq n q n x nψ= − +  

[ ]1 0q − =  

[ ] [ ]ˆq N X k⇒ =  

• #computation = N (still) for each k 
• only need to store one number: ψN

-k (instead of ∀k) 

• Good for finding [ ]kX̂  for a specific k-value. 

Proof 

[ ] [ ]0 0q x=  

[ ] [ ] [ ]1 0 1k
Nq x xψ= +  

[ ] [ ] [ ]( ) [ ] [ ] [ ] [ ]22 0 1 2 0 1 2k k k k
N N N Nq x x x x x xψ ψ ψ ψ= + + = + +  

[ ] ( ) [ ] [ ] [ ]
0 0

N N
N k k

N Nq N x x x Nψ ψ− −

= =

= = +∑ ∑l l

l l
l l [ ]X̂ k=  

 
 


