
DFT: Discrete Fourier Transform 
Congruence (Integer modulo m)  

• In this section, all letters stand for integers. 

• ( )gcd ,n m  = the greatest common divisor of n and m 

• Let d = gcd(n,m) 
All the linear combinations r n s m⋅ + ⋅  of n and m are multiples of d. 

• a|b ⇔ a is a divisor of b. 
• In an expression mod m, m is a strictly positive integer. 
• moda b m=  ⇔ |m b a−  
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• mod
N

m m N m rN= = +  for unique r that make 0 m rN N≤ + <  

N-point signal 

• x[n]: N-point signal ⇔ 
• Has finite duration 
• Duration interval ⊂ [0,N) 

• Cyclic shift of x[n] by n0 ; 0 ≤ n < N ; 00 n N≤ < : 
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• 0 N
x n n −   is another N-point signal 

• Example  
• N = 5 

n -2 -1 0 1 2 3 4 5 6 7 
x[n] 0 0 a b c d e 0 0 0 
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• N-point circular convolution of N-point signal 

x1[n]  
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• If x1[m] has many 0’s, use [ ] [ ]∑
−
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x n m −   that is multiplied by [ ]1 0x m =  

• Example:  
• N = 3 

Let y[n] = x1[n]  

N  x2[n] 
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• To find x1[n]  

N  x2[n] using circular convolution rule 

• [ ] [ ] [ ] [ ] [ ] [ ] [ ]2 2
1 1 1 3 1 3 1 1 1

ˆ 0 1 2 0 1 2k kX k x x x x x A x Aψ ψ− −= + + = + +  
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The multiplication [ ] [ ]1 2
ˆ ˆX k X k⋅  can be easily find with TI calculator or 

Mathcad (select A, then choose Symbolics > Polynomial Coefficients):  
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But 3 41,A A A= = ; therefore, 
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• Example: 
• x1[n] = 2 3 1 1, x2[n] = 1 0 1 2 
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x1[n]  

N  x2[n] = 10 6 5 8 

DFT 
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• N-point DFT of the N-point signal x[n]: 
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• Given tool for computing DFT 
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• Circular convolution rule : 

x1[n]  
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• To use DFT to compute regular convolutions of time- limited (finite-duration) signal: 
If x1[n] has duration interval 0 ≤ n < N1 

x2[n] has duration interval 0 ≤ n < N2 
Let N = N1+N2-1,  
then x1[n]*x2[n] = x1[n]  

N  x2[n] for 0 ≤ n < N  and = 0 otherwise 
To see this, 

x1[n]*x2[n] has finite duration at most N = N1+N2-1 
Think of x1[n] and x2[n] as N-point signal whose last values are 0 (0-padding) 

• Block convolution 
h[n] has duration interval 0 ≤ n < P (impulse response of a causal FIR system) 
w[n] = a (possibly) infinite-duration signal 
To compute h[n]*w[n] 
• Divide w[n] into blocks of some specific length L (typically L >> P) 
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Note that [ ] [ ] [ ]* r rh n w n rL y n rL− = −  from the time- invariance property 
of convolution. 
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• Frequency-sampling approximation of h[n] 

To approximate h[n]: 
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• Time-aliasing 

• If h[n] has duration interval contained in 0 ≤ n < N, 

[ ]nh
~

 = h[n] ; 0 ≤ n < N 

• Example: if h[n] is a (2N)-point signal 
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[ ] [ ] [ ] ;0h n h n h n N n N= + + ≤ <%  

So, [ ]nh
~

 = h[n] ; 0 ≤ n < N iff h[n] = 0 for n ≥ N (no folding) 

• Windowing a signal to get an approximation of ( )ωX̂  

Given x[n] -∞ < n < ∞ 

Look at y[n] = x[n]pL[n] = 
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• = 2L-1 @ ω→0 

• Need width of ( )ωX̂ ’s feature > 
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• If L → ∞,  [ ] ( )lim 1 2DTFT
LL

p n πδ ω
→∞

= ����⇀↽���� , and ( )ωŶ  → ( )ωX̂  

• Lots of “sharp activity” in ( )ωX̂  ⇒ need bigger N 

• Given x[n] ; 0 ≤ n < N 
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• Let x[n] be a signal of duration N.  
If already have tool for M-point DFT’s.   

Can find ( )ωX̂  for ωk = ω0 + k
M
π2

, by constructing y[n] so [ ] ( )kXkY ωˆˆ = . 

To do this, 

• Let q[n] = nje 0ω− x[n], then ( ) ( )0
ˆˆ ωωω += XQ  and 

( )kX
M

kX
M

kQ ωω
ππ ˆ2ˆ2ˆ

0 =





 +=






  

• Want [ ] 





=

M
kQkY

π2ˆˆ ,  

From [ ] [ ] [ ] 2ˆ ˆDFT

r

y n x n rN Y k X k
N
π

ω
∞

=−∞

 = − = = 
 

∑ ����⇀↽���� , so need 

y[n] 
[ ]







<≤+
= ∑

∞

−∞=
otherwise

MnrMnq
r
0

0
 

• Note that not all r’s are used. only ones that satisfy 

0 < n+rM < N ⇒ 
M

nN
r

M
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<≤− , but 0 ≤ n < M. So,  -1 < r < 
M
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M
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