DFT: Discrete Fourier Transform
Congruence (Integer modulo m)

In this section, all letters stand for integers.

ged(n,m) = the greatest common divisor of nand m

Let d = gcd(n,m)

All the linear combinations r xn+ sxm of n and m are multiples of d.
ab U aisadivisor of b.

In an expression mod m, m is a strictly positive integer.
a=bmodmU m|b- a

If a=bmodm

c=dmodm
then

a+c=(b+d)modm

a- c=(b- d)modm
a>c=(bxd)modm
a"=b"modm withn>0
nxa = (n>b)modm

(m),, =mmodN =m+rN for uniquer that make 0£m+rN<N

N-point signal

x[n]: N-point signal U
Has finite duration
Duration interval 1 [O,N)

Cyclic shift of x[n] by no; 0OEn<N; O£n, <N:

i x[n- ng] :n, £n <N
:xgn-rlo>NH:_:'.x[N+n-no] 0£n<n
10 ;otherwise

xgn- n,) § isanother N-point signal

Example
N=5

n |-2]-1]0|1]|2|3|4|5]|6]|7

x[n] |o[o|a[b[c|d|e[0[0O]O




xgn-2>55‘0‘0‘d|e‘a‘E‘F‘ | ‘

N-point circular convolution of N-point signal

il @l = & xfmel(n- m), J= & xl(n- m, bl

Proof
8 %@ - ), fpe[m]= & x[n- ][] mqlxi[wm . [
:i x[¢] %, [n- £]+a_ x[¢]%[n+N- /]

/=n+1

o

QJ°:

x[(]% &n- ¢) H+a xl[f]x28<n )y

/=0

H\

N

If x[m] has many 0's, use a xl[m]x2[<n- m)N], eliminating each of

x, @n- m) p thatis multlplled by x[m]=0

Example:
N=3
Let y[n] = xa[n] @ x2[n]
V[n]= 8 x[m]x gn- m)=x[0]x[n]+ x [ gn- g+ x[ Fgn- 2,4
Y[0] =% [0] . [O] +x [ . &- 1), b+ [2] %, &-2),
=%[0]%[0]+ x [1] . [2]+ % [2] % [3]
Y[ =x[0]% 1] +x [1] x 0), 5+ % [2] . &- 1),
=x[0]x, [1]+ % [1] x, [0] + %, [2] ,[2]
¥[2] = x[0]%.[2] + X[ . 1), 4+ % [2]x, £0),f
=% [0 % [2] +x[1] x, [1]+ x [2] . [0]
To find x1[Nn] @ X2[Nn] using circular convolution rule

X,[K] =% [0+ % [dy 3+ x[2y ;= x[0] + x [ A+ x[2] A
X, [K] =% [0] + %[ty 5 +x,[2ly 3 =x,[0] + x,[1] A+ x, [2] A

The multiplication X, [ K| xX,[k] can be easily find with TI calculator or
Mathcad (select A, then choose Symbolics > Polynomial Coefficients):




gxmxzo 3
R R éxmle + X1 %0 u
Xl[ k] XXZ[k] = 31 A AN A A Elgxmxzz XX t X12X208
&*uXe + XX u
8X,%, i
But A’ =1 A* = A; therefore,
) ) X020 + X1 %5 + X%, U
X[ =@ A AHEXOG: + Xdon + X%
810X + Xi1%o1 + X2 %0H]
€y[0]U  €X,0% + X105 * X% U

Obviously (actually from inverse DFT), gy[l] H: gxlox21 + Xy Xy + Xlzxzzg'

&Y 80X * XX * X%
Example:
x1[nN] =2311,x3[nf=1012

R [KR, [K] = (243 2+ 2+ 1y )L+ 0 4 +y 2+ 2y %)
=2+3 ;X +3y * +8y F+8y [ +3y “k+2y oK
=10+, + 5 X +8

x[n] ® %[n] =10658

DFT

Nmodp=0P Yy =y,
P
Y =Y«
N

Forevenn,y 2 =e =-1
"yt _iN k=mN

- kn
nazoy N %O otherwise

2%y .
Proof (y )" :geJN T oze® =1
e o
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N-point DFT of the N-point signal x[n]:
2109

X[K] = xgw =k éx[n]yN ;0Ek<N




%] = X =k 20= 3 ool "W = § i+ s0£k<N

e Ng no n=0
AL oy & 1 1 - 1 beq
éx[l]u [ gl yoi ooyl ey ggx[l]g
ex[z]u Y ex[z]u &l yN y.&f1 y&sz_l) ugx[z]ﬂ
e u é : u e : : : q

gx[n]g ex[n]u y (Y oy Ay y-N(N-l)(N-l)gg[n]H

d[n]La dlnly =y =

(DFT™Y) x[n]—ﬁa X [K]y >Z[k]=2°'fx[n]y - (DFT)

0£n<N OEk<N n=0

edolu  eéx[olu
T
Proof x= ex[2]u = &x[2]u

é .U
ciu el
& &Xn]d
N 1 N
P X=YxP =N nX
Given tool for computing DFT
X[k]® [DFT]® [Timereversd ® Lle x[ ]
0E£k<N N 0£k<N

DFT !

N-1
Proof After DFT-finder g[q] = é_ X[D}Y N

p=0

Time reverse: g[N-q] = h5__1;([@})/ Np(N'Q) =a )Z[p},/ N

N-
[o]
p=0 p=0

X[k]%¥%® Xn]%:¥Fe X(w)

xgn- y)g y X [K]

O£n<N O£k<N

Proof




N;1 . N-1 » ng-l .
a xgn- ) W =a x[n-nly*+a x[N+n-nly
n=0 n=n, n=0
N-no-1
= & e & oy
=0 (=N-1y
Nol i+rb
a_. [f]yN
d[n- n]- ey ™ ;0£nn<N
|d[n M) ;n, £n <N
Proof dgn- ny), —|d[N+n n] ;0En<n, =d[n-ng]
10 ;otherwise

dgn- n)pe %@y ™ 1

0£n<N CEk<N

Circular convolution rule:

X1[N] @ X2[N] >21[k] XX 2[ k]
Proof
n= 0820X1[m]x gn m Hy N :mézhoxl[m]ga % 8<n m Hy Nnkg

= méz_oxl[m]()( [k]y &,m")

To use DFT to compute regular convolutions of time-limited (finite-duration) signal:
If xi[n] has duration interval 0 £ n <N;
x2[Nn] has duration interval 0 £ N < N>
Let N = Ni+No-1,
then xa[n]*xz2[N] = x1[N] @ xz[n] for 0£ n< N and = 0 otherwise

To seethis,
x1[N]*X2[N] has finite duration at most N = N;+N»-1
Think of x1[n] and x2[n] as N-point signal whose last values are 0 (O-padding)

Block convolution
h[n] has duration interval 0 £ n < P (impulse response of acausal FIR system)
w[n] = a (possibly) infinite-duration signal
To compute h[n]*w[n]
Divide w[n] into blocks of some specific length L (typicaly L >> P)
o= |vv[rL+n] 0£n<L

durationinterval OE n< L
:otherwise




win= & wh-r] n

r=-¥
vi[n] = h[n] * wy[n] duration interval 0En<P+L -1
Find y,[n] by (P+L—1)-point circular convolution

bl winl = & yi[n- ] 7

Proof h[n]*w[n]=h[n]* & w [n-rL] =& h[n]*w [n- rL]

¥
=& y[n-r]
r=-¥

Notethat h[n]*w, [n- rL]=y,[n- rL] from the time-invariance property
of convolution.

IL\ 2L\

-1 P+L-1 P+2L-1

Frequency-sampling approximationof h[n]
To approximate h[n]:

Sampling HA(vv)atw:k% '0Ek<N by

2 5 - A nee p o
e N y,9% vidd H[k]zngsz+
o

~ N-1 ~ ¥
Use (DFTYY, hn] = %é k) = & hln- rN];0£n<N

r=-¥

) (..

e
2p }gh[n-rN] 0£n<N
AlK] = A = k% 9e h[n]=1 2,
fo otherwise
¥ ..
= & x[n- IN|=22=V[K] = X Fu =k 20
A= a - == = Xg=kogg

Proof




~ 1%t= 1%t~ 2p 9§
Alnl==&4 A[Kly *==3 HZ&KY
M=Na =T tgaey
N-1on ¥ SimR g 2y
==& cA hme " "
k=0 @m=- ¥ 1]
3 1%t Lm0
= a h[m]g_ N -
m=- ¥ e k=0
i, .. N=x i, .. N-mx
1t —1 | om gl if I
1%t e ! M 1% ekt ] !
Mae i n : Wae i n- m
=0 Lo; if —T 1 k=0 l0; if [
T M T
- ¥
h[n]= & h[m]
m=- ¥

So, the summation only include m of theform m=n-rN ; r1 |

¥
Thus, h[n] = é h[n- rN]

Proof 2: h[n] = a h[n- rN]%%5% H[k] 8Wzk2Wp9
- k2
First, note that H?(sz 0 5 h[n]eJkN = g h[n]y ™.
n=- ¥

ﬂ n=-¥

= N1 ) N1 ¥ O
H[K] =& h[nly ™= dca h[n+ ]y
n=0 n=0@r=-¥ 4]
g &1
=aa (h[n+rN]y N”k)
r=-¥ n=0
Substitute / =n+rNpP n=/7-rN
X ¥ (gn-t - (- TN)K (regn-2 K
Alg=8 a (M ™)=& & (M)
r=-¥ (=N r= ¥ I=IN
g (N ¥ NNt X
Notethat g Q x(/)=a a x( )=a x[4].
r=¥ /(=N r=-¥ (=N (=¥
= 2p O
Th g - Lo
us, H[k] = a h{ely g‘i’( N

Time-diasing

If h[n] has duration interval contained in 0 £ n< N,
ﬁ[n] =h[n];0£n<N

Example: if h[n] is a(2N)-point signal




~ " ¥ il 281
H?%2= & hlnje "' = § hlnly = & hlnly i
@ n=-¥ n= n=0

N-1
=@ h[nly * + & hny
n=0 n=

%mqym+§%w+NnyK
=0

hth +%%W+Ny(k

Z

2 (h[n]+ h{n+N])y "

n= 0
h[n]=h[n]+h[n+N];0£n<N
So, h[n] = h[n] ; 0£ n< N iff h[n] =0 for n® N (no folding)

Windowing a signal to get an approximation of X (w)
Givenx[n] -¥ <n<¥

ix[n] ;-L<n<L

Look at y[n] = x[n]p.[n] = { (length=2L-1=N)

10 et
1 ps'na&f_-%gmg
Find Y(w) == ¢& 2 2% (w- mdm
% p §n&N2
gZz
10 0
[] ;-L<n<Li sm?Ef_ 2,5 &
PN —
R
25
Zeros@k—p1
L-=
2
=2L-1@w® 0

Need width of X (w)’sfeature > —22 =%
L -

N

fL® ¥, limp [n]=1 2pd (w), and Y(w) ® X(w)
Lots of “sharp activity” in X(w) b need bigger N

Givenx[n] ;0£n<N




Can use M-point DFT’sto find X [k] only for k = %ﬁ =r; 0E(<M; T =%T I

by let yin] = ig{x[m(p- YM], then X[k]=V[/]

Proof

-1

x[nly "

R N, 1 %t ; Qae'lig
X[k]=a x[n)y ™ =a x[n]e NEM 5 -
n=0 n=0
(p+

oz

0

=}
I

-1 r-1M-1

Ay =3 3 xen+(p- Ymy

p=0 n=0

rg (P Ym)
=0

n

»a I mov
2

Z

Ao g

n=0 p=0
Let x[n] be asignal of duration N.
If already have tool for M-point DFT’s.

Can find X (w) for wi = wo + k%, by constructing y[n] so Y[k]= X (w, ).

To do this,
Let g[n] = e ™" x[n], then Q( )= (W +W0) and

QZ?(Zp—— xa?<2p W, 2= X w,)

2

want V[ = 6% 2.9,
e Mg

From - 4 2p0
y[n] = a x[n- rN] Y[k = gw k— N , SO need

ﬂ

13

Jin] = Laq[n+rM] 0£n<M
10 otherwise
Note that not all r’s are used. only ones that satisfy

N - N but0£ n<M. So, -1<r<%

O<ntrM <N Db -M1£r<

b 0fr< N
M



