Sampling & Reconstruction of continuous-time signals
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Space between centers of replicas b DW=%D DN=%T=ZD
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Shannon-Nyquist Sampling Theorem
From picture, for no adiasing P need T\Win <p

I x(t) is Win-bandlimited,
can recover x(t) exactly from the discrete sequence of samples provided that

Wy :_I_— >2Wh or Tg< WL: Nyquist interval for xc(t)
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W, : bandwidth of xq(t)
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Xc(t) is determined completely by x[n] =x(nT) ," n
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To find maximum Ts for signal that has high-frequency don’t-care region
b Interestedin X_(W) when|W£ W,, Don't care what happens when W, <|W£ W,

And X_(W) =0 when [W3 W,
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Note that we can alow the don’t-care region (in yellow) to overlap, so only need

2p - W, T >W,T so that the don’t care region of X ?—V EOWHI not overlap

2p
Wo + W,

the interesting region of X 8_ Op 2p >SWT+W, T b T<

asoneed 2p - W,T >W_ T so that thedon’t care region of )A(C;_—Vg will not
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overlap the interesting region of x & Eo b T< 2 :
T Tg W, + W,
In this case, since the regions of )A(C (W) are symmetric, both requirementsyield
the sameresult: T < 2 :
W, + W,
Usually, weneed T <p—, here we can have T larger: aslarge as 2 .
Wm 0 +Wm

Wm>v\4)p 2p > p
WO+Wm Wm
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ye(t) = Xc(t) only in the frequency region of interest
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Y, (W) = X (W) iy (W) = X, (W) By (W) P 1o junk

Reconstruction of continuous-time signals

xgr(t) P Sinc-function interpolation of x[n]
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t®n P - mT) 11 form=n
1 % - W % 0w
Proof xg(t)=— ¢yX(Wr)e' dW——C% X (WT)p, (Wi dw
2p P -y T 9
! ay
=P X, (W)
WS

>

/' P H I.', TsWh " W .
o [ \ 'fTs =P
’ :I-R = 2_p ".’ Il X R (\N) |‘ “_\ \ TS _ p _
. WR ! / ATR \ ‘.\ \‘ZT_WS - 2_|__ - WR
, ; 1 LAY ] . N R R
K ‘ :I T. \ . /

Wm T_SWS = p_ = %
T T, 2
- W
X.W | A Wo - | W
- 1
X (w) Az | Wo=WTs | p |2p
N T | W T | W
%) | A | omw Lo | ey,
i T T T. | 2

Note: The amplitude doesn’t really change when sampling followed by reconstruction
(under no-aliasing assumption determined by Tg). This doesn’t depend on the choice
of Tr nor Ts. Xg(t) will be equal to xc(t) if Ts= Tgr. If T'sare different, xg(t) will be



Xc(t) but expanded or shrinked in the time domain with all the height remains
unchanged.
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For Wo > 2W, b the shifted replicas don't overlap
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Wheel example: sampled scene sequence

If sample at every T sec, move at constant speed,

want to find x(t) = e"WOt
lisloleJolol0le
Find the parsimonious wp first b x[n] can = e/""
(Moving @ w rad per 1 frame, in this case, wo = %)
Can find x(t) = €™ in two ways:

X[n] - eJWo“ — ejwon(eij )kn — ej(wo+2pk)n

But X[n] = Xo(NT) = €™ ; thus WenT = (wo+20k)n B W :% +2p TE
Thinking in term of rev./sec:

Fundamentally, moving @ x = \;V_F(J) rev. per T sec

Can add k rev. morein 1 frame =T sec.
So, Possibly moving at x+k rev.in T sec
%—5+5 revisesc b Wp = 2px
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note that positive w corresponds to a counterclockwise rotation

2p rad/sec
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Represented by e © f=e where -p £ Zp? £p
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If (2p=)* 2p=

< pT> pT
aliasing has occurred.

i Xiapt <2p;x>t
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One frequency example

Xc(t) :e]\NOt ; X[n] = ejWOFIT = ejwon = ej(WO"'a)k)n ; WO :% + m;

X (t) =™ X(W) = 2pd (W- W) P W, =W,

x[n] = eM™ = M =gl by = WT - 2pk
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Downsampling

y[n] =x[nM] = M-down sampled version of x[n]

= a“compressed” version of x[n]
X[ n] %,9,® [n]

M-compressor

x(1)® |5 [ %e M 9B D@ v, (t)
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T it
T¢=MT
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O;if—I 1
T M
Ml et Mlgip g - MU 1. @@
ae -d (;e M= n n
=0 =0 @ ] 1 JZpV jzpV
-e 1-e
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frequency-shift rule. b aliasing is possible




Let y[n] =z[nM] =x[nM |

. ¥ . ¥ .
Then Z(w)= q z[m]e'™ = a z[nM]e ™" = a_ yinle ™" =Y (Mw)
m=- ¥ n=- n=-

Y (w) isan M-expanded version of Z(w)
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Now, let'stake a closer look at Y (w) = ! é_ &N fﬁo It is a summation of
Xu
I\; X?VN égo Each Xg—- g_po is an expanded and shifted version of

X (w). Since Y (w) is2p-periodic, we will try to find what part of x?ﬂ- ﬂi;);

falsinthe-p top range. Firgt, note that the region from -p top of X( ) will be
expanded to the range —-Mp to Mp as shown in the figure below:



Each of the —Xa:’ﬂ- KEO isindeed —X
&M M &M 5

8—- EQ:O b w=2p¢0. Thus, ¥ (w) isthe summation of all the

2

< 2V 0 ghifted by 2p /

! X?VN 128 s shown below:

Mg

laeWo

2p o

Looking at only the part of xg—- g— which falsin the -p top range, we see

that xgeﬂo is partitioned into M pieces, each pieces width equal 2p. Y( ) isthe

summation of all these pieces times ﬁl . Therefore, Y (w) isbasicaly an average of

all M pieces of Xgﬂo



Note that if M is even, then the first land last p chunks of x 8__ © construct one 2p

piece.

\?(W+2kp)=\?(w)

To see this, note that we want to have

1'%~ aw+ 2K

L1Rigarade mg__axai_ggo

M e 8 M Mg M 2 8

and that XV FT2KP 2P o0 g 2P 20
& M @ 8 Mg

We will show that, given k, there exist one and only one integer /¢ for each ¢ that

could make ng 2Kp £¢2Mp +2p n9_ gﬂ gﬁg, using appropriate n.

w + 2kp

To have -£¢2£+2pn:%-£%,need

M

k- (G+nM =-/ or n=M.

Thus, given k, tofind which ¢@ {0,1,...,M - 4 or which term of
caw+2kp 20 o

X - €¢—+2pn ) will be equal to x&Y l, , we need to find /¢
& M &M g
- Itk :

which give n = v an integer value. There is one and only one /¢ that

could do this, because 0 £ /¢£ M - 1. Only oneof (¢ will give (- ¢, - k) + /¢ that
isdivisible by M. Thisyields cyclic mapping between ¢ and /¢, and thus each

term of X&W 2kp - £¢2—p 'sisequa to one of Xae\i_ £2p 0
& M g &M M g

. And therefore,

the sumisequal.
Example:
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Think about going directly from x.(t) to y[n], then
¥ R

Y(w)=§ xl Xcaaﬂ+ kgﬁ. Here T ¢= MT . Therefore,
AT &Te " Tegy

" ¥ "
Y(W):ié %(Caai+k£99
MT Sy & C&EMT  MT gg
R M-1 R ..
Comparethisto Y (w) = ! é X éﬁo We know that X (w) = lxc‘*’—VS
(=0 8 T ng
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&ew 2po
b 26 1~Cuvy MT 1-
Thus, X222 (P01 EM M7 = o X B 120 and
& Mg T T Z &EMT MT g
g 5
5 1'% -aav  po_ 1 '%s sew 2Do
Y(w)=— —-f—== same result
w) VR Ty M;}) MT & XSt T 5
If aliasing, stll, ¥ (W) = —— sk 290

“MT S ¥8 SMT MT o

Thisis easy to see since y[n] = x[Mn] =x(nMT). Can get y[n] but just sampling
X(t) @ MT period.
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Example (doing it directly)
yIn] =x[2n]

¥
[o}

N

¥ .
Be careful hereand noticethat § x[2n]e ™" ¢
n=-¥

¥
Yw)=a y[ng™ = a x[2nje ™"
n=- ¥ n=- ¥

me=- ¥

¥
a x[2nfe ™" =...+ x[0] + x[2]e " + x[4] € "* +...
n=-¥

..m
_JW_
2= ..+

x[9]

1
+x[]e "2+

x[2]e’ ™™

¥ i
Wewant § x[mk 2 but only want the even term.

m=- ¥
i, ... n
1 if —
M-1 5,0 )
Use Mlé e® :¥ I\r/]l
=0 Lo; if—I |
T M
i, .. m.
<10f —1 |
1 ,m d
p lé J2p42 :} r2n
=0 Lo if—=1
T 2

iy if meven
~10; if modd

g_ x[mle j

m
W-
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_11;ifmeven

<% 2% ~10; if modd
_ °¥ wn — g 1 0 m jwm
Thus, Y (w)= g x[2nle’’ a E(e +elP )x[m]e 2
n=- ¥ m=- ¥
14 me 1§ i pom
=38, dmle 5 8 e
_lgawo loaw 0

M-1 ..
1@ 20 atingM=2
M (=0 8M M g

Basicaly, thisis xc(t), sampled @ T¢=MT P To recover x.(t) from y(t) completely,
need MT < WL P more stringent

m

Same as using the formula Y (w) =

Upsampling

2-step process:
x[n] % D |@ a(t) % Sf|@ vin

T

Tel
L

S0, y[n] is x[n] added with the parsimonious approximation, using the information

from x[n]
P sinpge—:- mg
vin]= & x[m] I
&L o
) ) FLX(WL) 3
Y (w) = LX (Lw) p, (W) = L for w|£p
L ,'fO w3 pf

Replicate LX (Lw) over each w = k2p
T doesn’t matter
View 1
x[n] % D | @ a(t) % % ® y[n]

T

Tel
L




Note that we have two sets of variables:
x.(£), X (W), x[ ], X (w) % (), Xe (W)
Q(W).y[n].Y (w)

¥ p(t' mT)
q(t)=x%(t)= & x[ml—;
= ¥ =(t- mr)
=
sinp & mg
y[n] =q(nT¢ qgn—g_mé¥x[m] aEEL t‘)g
el

y[n] isasampled version of q(t) =x,(t). Thus,
¥

ol selw | 2L 60

- é‘ael aew 2poo
w) Qg T oo

"2 5T gy AT
No overlap between Q?ﬂ 2pl‘olf WE 3 2(W, )D%32$D TCET

IfL>1, T¢:TI£T , definitely no overlap,

and Y (w )_—Qg—_ —XRaé'_I\_Ngfor-p £w £p




View 2
i énd n.
-I-x~—, —1
7.[n] = L-expanded x[n] = | €L L
o oy
T "L
. . ¥ .
Z(W):X(LW): aelxRaW_L 2_p9
SETTRET T o

P replicate 1)A(RSM—LQ over esch w = ka
T &éTg L




Sw)= & Zne™ = § e = § ALmle
n=-¥ n=-¥ m=- ¥

Ly
L

= 5 x[m]e

me- ¥
2(W)=)2(LW)
L€ even
Example z[n] = |~ &2H
Lo nodd

2w)= & Fnle™ = § Zne ™ = § zZ[omle v
n=-¥ n=-¥ me- ¥

neven

= a x[m]e "™ = X (2w)

=- ¥

at - ae

Lp, W for w|£p

P
L

x(t)® | |% e (DF %@ﬁ%@@ ARZ A P AEAQ)

T T
Tl Tel
L L

fTE W& | q(t) = xe(t) and yr(t) = xe(t) because % <T

m

Practical sampling

¥

¥ ) éé
r(t)=a p.(t-nTy)=a ¢ =a
k=-¥

n=-¥ k=-¥

Rectangular pulse train; height = 1
Each pulse width = 2a
Centered at 0, = Tg, 2T, Y4

t

ffngs

To

To>smdla>0




n=-¥
= g ?in(kakwo)gejkWt
k=-¥@ p [}
To
2 a .
Proof C = Or (t)e'J'kWotdt: da—jkvvotdtzw
T _a kp
2
Proof C, :Iim in(akW) :aWo”mS'n(akW) W, _ azp(_@
0 kp p koo awk P F{T T,
Proof 2

Can see from the graph that E g (t)g= 2a_ G

N 3 3 2sin(akw,
R(w)= & 2pca(w- kw) = § 2] i )
k=-¥ k=- ¥

To seethis, recall that r (t) = :

A 3
a ¢ —==R(W) = a 2pcd(W- kw,)
k=-¥ k=-¥
Z(t) = apractically sampled version of x(t) = x(t)r(t)
each width = 2a
centered at 0, +To, £2To, ¥

height = 0 or height of x(t)

Z(w)=
(

TT Qo

6 X (W- KW,); Wy =2

0

¥

Z (W) = the sum of scaled shifted replicasof X (W)
Ck

the k™ fourier coefficient of the pulse train r(t)

Wm Wh




x>

Qox & |-

Z(wW) (W*R(W) = % X (W)* & erckd(W kW)kj

6% (W)*d(W- kwg) = & ckx(vv- ow,)
k=-¥

k=-¥

For Wo > 2\, P
the shifted replicas don't overlap
2(t) % B0 cx(1) :$x(t)

0

If define r (t) = 5 1pa(t- nT)

Qg}nor(t)=1.|j|.:_:(t) E
X, (t) =limr (t)x,(t)

a® 0

(0= & x[rla(t- n)

Practical reconstruction; I nterpolation

hgr(t) = inter polating function

Staircase or zero-order hold interpolation

_ Zsing?lvlg

2y

P % (t)=x(nT) for nT - £<t<nT+%

i[ﬂd(t- nT )* p%(t):x[n] p%(t nT)

constant

H =(W) =0when W=KW, b killed high-freq replicas

9>2() é— (W+kW)
e k=-¥ s 1%}




~ R ¥ R
He(W)=TwhenW® 0P cancel %from X,(W) = & Tixc(vv+ KW,)
k=-¥ lg
Linear interpolation : connect-the-dot
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