DISCRETE-TIME SIGNALSAND SYSTEMS

Same x[n] can have different-looking representations

Example
k=m-1
u[n]- u[n- m|= & dn- K]
k=0

nxf [ n>u[n] =nxf [n]>u[n- 1]
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d[n] f[n]=f[0]
d[n-n] f[n] = f[n]

d[n]* f[n]= é¥_ d[k] f[n- k]= f[n] ; identity element for convolution
k=-¥
¥
d[n- n]* f[n]= & d[k- n)] f[n- k] = f[n- ny]
k=-¥

d[r] = sin(np)
np
DurationD of x[n] =nz —ng
Ny = largest integer satisfying x[n<n;] =0
N, = smallest integer satisfying x[n3 ny] =0
1 Oforng £ n<ny, definitely * 0 for n=ny, no-1
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Discrete-time convolution

ol b= & xlkeln- K= dxldxln- W 5

Example
u[n]* (z[n] >U[n])=k§¥2[k]U[k]U[n- g =§§:102[k]gu[n] " n

Durationof x[n[*x,[n] = x[n]*%[n]=D+D,-1
Proof Because x,[n]* x,[1] :a [K] %[~ K] the sum is nons zero for n

that satisfies m £n- KEm,- 1 where n, £k £n, - 1.

P m+kEn£Em-1+k

Therefore, the maximum value of n that could give nonzero result is
m,-1+k . =m,-1+n,-1=m,+ n,- 2. The minimum value of n

that could give non-zeroresultis m + k.. =m +n,.
Thus, duration: m+n £ nEm,+ n,- 2 or m+n£ n<m,+n,- 1.
Duration= (m, +n,- 1)- (m+n)=(m- m} (ny n)- 1
Time invariance property of convolution:
x[n]*x[n] =y[n] b x[n]*%[n- n] = y[n- n]
Proof Let x,[n] =x,[n- ny], then

[ [n- n] =x[n] x[n]= & x[k]x[n-
= & x[dx[n- n- K= & x[kxdn-n)- ki
Because y[r] :§¥xl[k] x[n- K],

k_é X:L[k]XZén_ no)' kgzy[n- no]

x[n]*s[n]=y[n]P x[n-n]*x[n-n]=y[n- n- n]
Proof 1
Startwith [ n- n]* x,[n]=y[n- n].
Let x,[n] =x[n- n],and y[n] =y[n- n].




So, the first equation becomes x,[n]* x,[n] = y,[n].
Then, use x[n]* x,[n- n,] = y,[ n- n].
Thus, x[n- n]*x,[n- n,]=y[n- n- n].
LTI and Z-transform

d[n] %% Impulseresponse h[n] == Transfer function H(z); (ROC),
Systemiscausa U h[n] is causal

Proof y[n]= §¥ wlk]h[n- K]

= én w[k]h[n- k] for causal hn]

Thus, y[n] isafunction of w[k] only for k £ n.

w[n] %1% y[n]==="Y(z) =H (z) W(2); (ROC)y = (ROC)4G(ROC)w

20 %99 H(z,)z," n forz1 (ROC)y

Proof 23+ hln] = & hlklzz* = &4 iklz* %0 = (H ()0 o
k=¥ @

0
Ek=-¥

1%%%® H (1);for 1T (ROC)

a %919 aH (1); foral (ROC)

u[n]%%® vy, [n]
h[n] = y,[n]- y,[n-1]
Proof u[n]- u[n-1]%% y[n]- y,[n- 1]
Because d[n] =u[n]- u[n- 1] and d [n] %% h[n],
h[n] = y,[n]- y,[n-1]
w|n] %935 w[n]; therefore %954 © %%

Stability of causal discrete-time LTI system
BIBO stable «

Bounded win] %:%3® well-defined and bounded y[n]
¥

h[n] is absolutely summable: & |[n]|<¥
n=0

Note: the sum starts @ n = 0 because h[n] is causal
All polesof H(2) liein |7 < 1, for rational H(2)




° (ROC)y must include the unit circle
LTI & FIR (finiteimpulse response) system

U hgr[n] has finite duration: ny £ n < n, (need not be causal)
b

Hrir(2) hasonly one poleat z=0

n,-1
Because H|:|R(Z) = é h[n]z'“

aways has ROC: 0< |7 < ¥
Every (causa) FIR system is stable
Causa FIR system (n; 3 0) ® tapped delay lines

Causal system governed by difference equations
Assumption: systemiscausal P h(t) is causal
N N
aay[n- k]= & bwn- K] ; try tomakeap =1
k=0 k=0

Example

y[n] +ayn- 1 +ay[n- 2]=bwn]+bwn- 1 +bw{n- 2]
() vz Y(2) a7 (2) =bW(2)+ bz W(z) + bz W(2)

-1 -2 2
H(Z): Y(Z) :b()-'-blz_1 +b22_2 :bozz +b'LZ+b2 rational
W(z) 1+az'+a,z Z+az+a,

(ROC)y = complex plane (just) outside all poles of H(z)

h(t) iscausal P no u[-n-1]-part b all poles are inward

To see this, note that the ROC of a u[n] term will be in the form (|z],¥). Thus, to
satisfy the ROC of al the u[n] terms, the ROC (the intersected result) will be of

the form(max (12.]) ¥ ) . So, dl u[n] terms will have poles on the left-side of the
combined ROC.
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Could implement any causal discrete-time LTI system with a proper rational H(z)
using a difference equation.

Other ways b introduce a pole-zero cancellation
Example
M-fold diding-windows averager:




1%!? 1 ¢
w[n]%:%% y[n| =rd w[n- /] = a w[K]
(=0 k

(v = & wld-gp & Wi

k=n(M-1 k=n(M-1)-1
1
= L(wfr] - wln- )

M-1
From system definition, can easily see that h[n]:%é_ d[n- k] P FIR
k=0

M
-k 1-2z '0<|Z|<¥

Thisgives H (z) =— =1 -
M k=0 M 1' Z

From y[n]- y[n- 1] =Mi(W[”]' w[n- m]),

Y(2)- z-lv(z):Mi(w(z)- 7w (2))

1 1-zY 1. 1- x 1
Note nopole@z=1. lim— =—1|im —
pole @ ©1M1-z" M ei1- xM M

Block Diagrams

h(t)=d[n- ]==12"

x[n] z* x[n-1]

Direct Form |
g[n] =bw{n] +bw[n- 1] +b,w[n- 2] =y[n] +a y[n- ] +a,y[n- 2]
y[n]=g[n]- ay[n- - ay[n- 2]

n
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I b2 -ay —
Direct Form 11

Controllable canonical realization



& W(z) ¢
glraz'+a,z’y

b1 . - -1 -2
V(D)= e W (2)= (b +h +b.27)

Q(2)

Qz)=— V)

1+a,zt+a,z ?
Q(2) +a7'Q(z) +a2°Q(2) =wW(2)
a[n] +aq[n- 1+ a,qn- 2] =w[n]
aln] =w{n] - aq[n- 1- a,q[n- 2]
Y(z)=(b0+blz'1+bzz'2)Q(z)
Y (z) =,Q(2) +bz'Q(2) +b,z Q(2)
y[n]=b,dn] +b,qn- 1 +b,q n- 2]
win] A a[n

L
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A— -a; bl —A
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Transposed Direct From |1
Observable canonical realization

yin] =bwn] + (Bwin- 3 - ayin- 1) +(bwn- 2]- a,y[n- 2])

win] bo '&|‘ y[n]
1
by J— - —
z‘Il
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Discr etization of continuous-time system

Replace (t) ® (nT) ® [n]
I mpulseequivalence/invariance



hy[n] =Th(nT) ," n

() =8 e () H(9=8 i (ROC), P Re(ST ((Refs}),..¥)

h,[n] =Th(nT)=§ Te*Tu(nT)=§ T(e*") u[n]

— o Z . T
H.(2) =4 TF, (ROC), P |4l (esonax,¥)
Perfect for band- limited w(t) and h(t), and T is shorter than Nyquist intervals of
w(t) and h(t)

w,[n] = w(nT) %% y,[n] = y(nT)
hy[N] :(eaT)nu[n] P h(t) :%eatu(t)+ f(t)u(t) where f(nT)=0
Pole H(s) @ 5 b poleHy(2) @ >
Back-differ ence Approximation: Dy(t)»?l(y(nT)- y((n- 2)T))
b
s-(-a)

—(1y[n]- Ty[n- 1))+ aTy[n] = Tow{n]

Dy(t)+ay(t) =bw(t) P H(s)=

@+aT)y[n]- yin- Y=Tow{n] b (1+aT)Y(z)- z'Y(2) =TbW(2)

Tb Tb .
H(z)=AZ - T _ 1+Ta __ 1s+Ta
W(z) (@+aTl)- z* 1 zt 1
1+Ta 1- (-a)T
® 1-7'0
Hy(2)=H¢s= T
e @
TH 1 _ _1 1-zt
(1+aT)-z‘1_s-(-a)p Ts+Jd =1+ -z'b s= =
Pole H(s) @ o P poleHy(2) @ 1
1- 5T

Forwar d-differ ence Approximation: Dy(t)»%(y((n +1)7)- y(nT))

(on

Dy(t) +ay(t)=bw(t) P H(s)=

s-(-a)



%(;F/y[n+l]- 7y[n])+aTy[n] = Town]
y[n+1] +(Ta- 1)y[n] =Tbw{n]
ZY (2) +(Ta- )Y(z) =TbW(2)

Y(z
H(Z):W((z)) Iz (It-)Ta)

=
|
=

_ _z-1
s(a zQTa) - L+ JA=Ts+J4 P s=—

The discretization isstable «  |1-aT|<1& T>0
Bilinear Transformation:

y(t)=y(t)dt P y(nT)- y((n- 1)T)»%(w(nT)+w((n- 1)T))

y(nT) - y((n- 1)T) »%(w(nT)+w((n- l)T))

=L win - Lwin-
y[n]-Y[n-l]—ZW[n] 2W[n 1

& _2ax- 160
RIC I S e
2+Ts,
2-Ts,
To find the new pole from the replacement: H,(z) =H (s = f (z))
H(s): haspolewhen s=
\ H(2) has polewhen 5 = f(z) P solvefor z
Stability : If Re{so} <0 for every pole of H(s),
Then |z < 1 for every pole 7 of Hy(2) by any method
LTI and DTFT

Pole H(s) @ o P poleHq(2) @

DTFT

d[n] %% Impulseresponse h[n] === Frequency response H (w)

If W(w) exsts, w[n]%%9® y[n] = h[n]* w[n]|==E=Y (w) =H (w)W(w)

e™ 9,919 (I:I (w)|W:W0 )ej””D




Proof hn]e™ = & WKe!™ ™ =e™ & h[Ke™ = (FA(w)]., )¢
Example

M-1
M-fold sliding-window averager: h[n] :%é_ d[n- K]
k=0
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A (w)=—e e €2 5.
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because & d[n- k|=2Eme 2 "¢ €2 8.
k=0 ada 0+

ésm —W = L
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