Math Review

Euler'sformula: ™" =cos(wgt) + jsin(wgt)

cos( A) = Re(e”) = % (e*+e)

sin(A) =Im(e”)=Re(- j*)= Rege- l_e"“ézi_(ejA - ™)
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Acosw,t + Bsinw,t = Re(AejWOt) + Re(- jBeij’t): Re((A- jB)ejWO‘)

e SjentB 0
= Re(e;\/A2 +B%e " Aghe L=[a% + B2 cosgwt- tan’ 150
e

o Ag
A cos(w,t +f,) + A, sin(w,t +f, )
=Re{Ae"") - jAe"))= Re((Ae™ - jAe’)e™)
= Re((Al(cosf1 +jsinf,)- jA,(cosf, + sinfz))ejwf")
=Re(((Acosf, + Asinf,) + j(Asinf, - A cosf,)))
=Re((C+ jD)e™)

integrable
T2
strong sense: f(t) is absolutely integrable «  lim  §f (t)dt exists
0¥ T
T,@% 1
independerily

¥
weaken sense: Cauchy Principle Valueof  of (t)dt = lim df( Jot
¥ T

.
f(t) issquareintegrable «  lim (ij (t)dt exists

T,®¥
T;®¥ !
independerily
I, .. N=
i —1 |
1M%? J'ZM% 1 M
mace T
=0 Lo; if—I 1
T M
L i2p—M
"otz Ml@izo 0 _l-e M 1- "
ae M=gce Vs= I—
(=0 =0 @ 7] Jep o



M1 o0 1- (/)
iF 210, 3¢e” ( )
M =0 1 (eij)M
1 ej2p A n n-1
2 )n:Iiml X —jim—™__=m
1 (ejzp)V x®11_ XW X® 1 _XV'l
Signal
Continuous-time signal: x(t)
Discrete-time signal: x[n]
Continuous-time signal
Examples
Unit step u(t) 11120
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u(t- a)- u(t- b)+u(t- c)- 2u(t- d)
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d (t) = unitimpulse = Dirac d-function
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d(t) %% h(t)
Signal properties

Right-sided «  $to | x(t) = Owhent < to," t
Left-sded « $t; [x(t) = Owhent>t;,"t

Time-limited « $(to,t1) |x(t) = 0fort<toandt>ty
« right-sided and left-sided

Causal « x(t)=0"t<O0
Anti-causal « x(t)=0 "t>0

Time -shifting/ -scaling (-dilated or -compressed) / -rever sal

X(t) ® X(t)= x(mt+c)

Point (a,x,)® E@—Cxa because to have mt+c=a, need t = amc

Findt' suchthat X(t') = x(mt'+c) = x(a) = Xa
a-c
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Convolution

convolution of x(t) and x(t)
¥ ¥

xl(t)*xz(t):_(‘)xl(t )%, (t-t )dt :_(‘)xl(t-t)xz(t Jot ;¥ <t<¥
Commutative: t)xl(t )%, (t-t )it = Exl(t-t)xz(t)dt
IetV=t-t- |
8l Dx(t- Uk = g0+ 2)x (2)- )= O - 2w (e

May not be well-defined

If x1(t) and x»(t) are both causal
then x, (t)* x, (t) always exist and is also causal




- Useful identity

E)f() (t)u(a-t )a =§§f (e So(a)
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xa(t) = u(t), x2(t) = f(u(-t)
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RC Series. Vs= w(t), V, = y(t)

d. o
V=V + W =RE Ve

w(t) = ROyqt) + y(t)
aw(t) = yi(t) +ay(t) ;a :%
Let z(t) =e"y(t)

2(t) = & yi{t) +aey (t) =e™ (yqt) +ay(t)) = aw(t) €"

2(t)= ggw(t )e*ad t2 0,2(0) = y(0) =0
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y(t) =e*z(t) = cpw(t )& ™t ,t2 0
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= Toge it )t u(t) all ty (t <0)=0
= :‘)gae u(t-t)dw(t)dt
= (ae*u(t))* (w(t))

X1(t)*X2(t) = y(t) P X(t-tl)*X(t-tz) = y(t-tl-tz)
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SISO
SISO b single-input single-output system

Memoryless

A system is memoryless if its output for each value of the independent variable at a
given time is dependent only on the input at the same time

Invertible
A system isinvertible if distinct inputs lead to distinct outputs
X(t) %2 System® y(t) ¥alnverse system® w(t) = X(t)

Causality
A systemis causdl if the output at any time depends only on values of the input at the
presert time and in the past. P Nonanticipative

Memoryless® causal




Any SISO system that models a physically buildable object is causal

Stability
a stable system is one in which small inputs lead to response that do not diverge

If the input to a stable system is bounded (i.e. if its magnitude does not grow

without bound), then the output must aso be bounded and therefore cannot
diverge

Timeinvariance

A system istime invariant if the behavior and characteristics of the system are fixed
over time

A system istime invariant if atime shift in the input signal (replacet by t+ty)
resultsin an identical time shift in the output signal

w(t) %9 y(t)p W) =w(t+to) %@ Vt) = y(t+to)
Totest
@ y(t)
@ Find ¥ (t) from system's def. and W(t) = w(t+to)
® Comparey(t+to) = y (1)?
Example of time-invariant system
y(t) =F (w(t))
w(t) %% F (w(t)) = y(t)
f(t) =w(t+t,) %3 F(w(t))=F(w(t+t,))=y(t)
y(t+1t,) = ( t+t, ) y(t)
)=w(f(t)) when w( f(t)+t,)=w(f(t+t))
w(t) %% w( (1)) = y(t)
W(t) = w(t+t,) %38 W(f (1)) =w(f (t) +1) = y(t)
y(t"'to)_ ( (t+to))
For example, when f (t) =t +a
V(0= & Fi(w(c- )
w(t)?/ﬁ@élk Fo(w(t- 1)) =y(t)

W(t) = W(t +to)%§® ék Fk(w(t ) tk)) = ék Fk(W(t at +t0)) - y(t)

y(t+t)=a F(w(t+t - 1)) = ¥(t)

k
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y(0) = oF (w(t- 1))t

o]

w(t) %5 & (wit-t )t = (1)

w(t):w(t+t0)%%®IOC( (t-t))dt = OC( W(t+t,-t))dt =y(t)

Y(t+to) = ¢F (w(t+t - t))ot = ¥(t)

ty
- Example of time-varying system

y(t) =F (t.w(t))
w(t) %% F (t,w(t)) = y(t)
w(t) =w(t +t,) %3 F(t,W(t))= F(t,w(t+1,))
y(t+t,) = F(t+to,w(t +)) ¥(t)
y(t) =F (t)G (w(t))
w(t) %5@ F (t)G (w(t)) = y(t)
W(t) =w(t+t,) %% F ()G ((t) = F ()G (w(t+t)) = 9(t)
y(t+t,) =F(t+t)G(w t+t)) y(t)
y(t)=w(f (t)) when w(f (t)+t,)* w( f(t+1))

For example, when f (t) = at

- linearity

w(t) = coma(t) + Cowa(t) %3 y(t) = coya(t) + coxa(t)
or

A cx (1) ¥%3® § ., (t) : superposition property
k k

- 0%linear system® 0O
- Example of linear system

y(t) =1 )w(g(t))
w(t) %38 f (t)w (g (t))=.(t)
w,(t) %38 f (t)w, (9(t)) = v, (t)
e (t) + W, (t) %38 (1) (s (9(t)) + ey (9(t)) = ey (t) + ey, (1)




y(t)= 1 {tw(t)
y(t) =aw(t)
Example of nonlinear system
y(t)=aw(t)+b whenb? 0
(1) %38 2w () +b = y, (1
(1)%3% axws(t)+b= y,(1)
a Y (t)+ Y, (t) = ac w (t) +bg +ac, w, (t) +bc,
= (g (1), (1)) +b(c +c,)
e (1) + 0, (t) %30 ax{cw (t) +ewy(t)) +b cy(t) +c,y, (t)
Unless b(c, +c,)=bP b(c +c,- )= 0P b=0
LTI SISO system

LTI = Linear, time-invariant

W
W,

¥

w(t) %% y(t) = h()* w(t)= ohit- t )wft )it
-¥

h(t)
w( é 0

S

Convolutional system (w(t) %% y(t) =h(t)* W(t)) is LTI

Every reasonable LTI system is (or can be thought of as being) of this
"convolutiona” type!

To seethis,

Linearity of convolutional system
¥

w(t) %% vy, (t) = h(t)* w(t) = _(‘)h(t - t)wy(t)dt

W,(t)%3® y,(t) =h(t)*w,(t) = dh(t- t )w, (t )t

¥

w(t) =cw (t) +c,w, (1) %38 y(t) = gh(t-t)w(t )dt

-¥

w




¥

(1) = (e~ ) (e t) + coms e )) ot

-¥
¥ ¥
=c h(t-t)w(t)dt +c, dh(t -t w, (t )dt

=y (t)+ ey, (t)

Time-invariance of convolutional system
w(t) =w(t+4) %3 §(t) = gh(t- t)w(t )t = dh(t- t)w(t +t,)ct
y(t+to):_¥oh((t+to)- t)w(t )dt = Bh(t (t-t))w(t)a

-¥

¥
¥
= oh(t- mw(m+t,)dm ;m=t - t,t =m+t,,dm=dt

Every reasonable LTI system is (or can be thought of as being) of
"convolutional" system
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t) =lim na)p,(t- na)+=
YO =lmg T, ga MRt )=
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a®o§n:_¥ >§ to gda - 905 &
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=im%F§ wna) xh, (t- na)><a2;time- invariance
a®08n:_¥ a

¥
=_9h(t- t)w(t )dt ;Ia|®rrga:dt

= h(t) * w(t)



I mpulse response of the system = h(t)
= the response of the system to an impulse
d(t) %% h(t)

Use thisto find h(t) when the system is explicitly defined.

Example
y(t)=F(w(f(1)) P h(t)=F(d(f(1)))
responsei 1 U response. 1 1 U _response
h(t)=lim :gpa()g o L'(gg%apg(t)g- o dO
_4d
h(t) = —vs(t)
By time-invariance,
u§+39 AL ysg?+39
e 2g e 2g
- 20993 ¢ F- 20
e 2g e 2g
By linearity
20 . 20 v 20, 5 20
2g e 2213/%;@ e Zﬂa e 2g
U%'l___' U%' E_ ys$+gg' ysé?_ %9
lim 5 ¢ 2 %% Im—& <2 € <0
a® 0 a a®0 a

Therefore, d(t) %% h(t) = %ys(t)

LTI system'sstep response P yq(t)
ut) %3 yqt) = u®)*h(t)

Causal system « h(t) is causal

h(t) iscausal b Causal system
h(t) iscau&al p h(t)—OWhent<0b h(t-t) =Owhent >t

¥ = ¢ (t haft it = on(t- ¢ jufe ot

Therefore, y(t) depend onIy onw(t) fort £t,nott >t when h(t) is causa
cos(t) % 3@ Re{h(t)* '} if h(t) is real




cos = (e”+e )

cos *elt 4+ h g )
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* gl +ﬁ) =Re{h(t)*e"}
cos(t)u(t)* h(t) %% Re{h t)*e'u(t)} if h(t) is real
cos(t)u(t)*h(t) = 2((1)*e"u(t) +h(1)* & "u )
:%(h(t)*e“ (t)+h(t)* eu(t)) = Re{n(t)* e*u(t)}
t) %% Re{h(t)* (e"u(t))}

sin(t)*h(t):z—lj(h(t)*e“- h(t)*e ")

LTI and F-transform

Frequency response of the system: H (w) = ghlt Je ™ot

e %3® H (w)e

jwt % — ¥\ jw(t-t) _ jwtﬁ\ - jwt o]
e™*h(t)= oh(t )" ot =e™coh(t)e ™ dt =
¥ (SR 1]

e™ %% (constant)e™
™' %3® H (kw,) e

y(t) = h(t)* w(t) ==Y (w) = H (w) A (w)

Tofind H (w)
¥ .
Use ohlt e ™dt ,if know h(t)
-y

Use e %% H (w)e™if given implicit equation




Example
< y(0)+ py(t) = aw()
Letw(t)= e b y(t)= H (w)e™
§b®+wm=wm
(A (w)e )« i (w)e =

H (w) (jw).e" + p (w) & = g

A

H(w)(iw+p)=d

a -9
H =
(W) jW+p
|:|(W)‘= |q| P low-pass filter
W2 + p2
1
1
w? +1
w

d _d
Ey(t) + py(t) = = w(t)
Letw(t) = & b y()= H (w)e™

< y(0)+ py(t) = Swi)

H (w) = w

w+p

P highpass filter



Given w(t) and y(t), H(w)= %

S—

When finding ‘I—] (w)‘ (magnitude), don't forget take the absolute value of the result

Example: pure delay system

w(t) %% yit) = wt-T) ; T> 0P h(t) = dt-T)
Proof 1

cd(t- T)*wt) =wt- T)
Proof 2
Let w(t) = d(t), then the output will be d(t-T).
However, aso know that the output is w(t)* h(t)= d(t)*h(t) = h(t).
Thus, h(t) = d(t-T).
Wi = bandwidth of X(t) ; X(t) iswm-band-limited b X (jw|>w,,)=0
X1(t) +X2(t) P = max(Wm1,Wm2)
To seethis, x,(t) +x,(t) \A—Ll\ X, (W) + X, (w)
x1()*X%2(t) P = min(Wm1,Wn2)
To seethis, x,(t)* xz(t)+ X, (w) X, (w)

Xl(t) Xz(t) P =W+ W2

Toseethis x(t) % (t)==




Need w >w,_, +w,, to ensure no overlapping region, and thus the
multiplication gives 0 at every m yielding zero integral.

LTI and £-transform
h(t)==H (s) (ROC),
impulse response === transfer function
y(t) =w(t)* h(t)==Y(S) =W(S)>H (S)
(ROC), =(ROC), {ROC),
w(t) =e® %998 y(t)=H(g)e” if o1 (ROC)

For x(t) to be causal and have X(s) as "the formula part” of its_/-transform,

need all poles of X(s) to be to the left of (ROC)x b have only u(t)-terms, no u(-t)-
term

For 1) rational H(s) 2) causal system,

(ROC)y = the part of complex plane to the right of al poles of H(s)

Stability of causal LTI system

A causa system isBIBO stable «
" bounded w(t) ¥:%4% well defined y(t) that is also bounded

¥ e
h(t) is absolutely integrable  gjh(t)dt = ?dh(t)ht <¥?

-¥ 0 (]
al polesof rational H(s) liesin Re{s} <0

¥
. k; S0t - N T
sothat fim t1e™ u(t)=0® gh(t)|dt is finite.

Example
w(t) {+) G(s) y(t)
H(s)
X(t)
w(t) @i G(9) y(t)
an L




Find Re{ poles} of T(s), unstable when this > 0
General Encirclement Rule
Assume
C isaclockwise-directed closed curve in the complex plane
F(s) isarational function that has no pole/zero on C.
Then
The net number of times that closed F(C) encircles 0" clockwise
= {#zeros of F(s) enclosed by C} —{#poles of F(s) enclosed by C}
counting multiplicity
The Nyquist locus
Assumption:
G(s) strictly proper and H(s) proper rational
All poles of G(s) and H(s) liein Re{s} <0
G({w)H(w) * -1for any real w
P directed curve using F(s) = G(s)H(s) to map the upward-directed imaginary
axis
P set of al points of the form F(jw) = G(jw)H(jw) for increasing -¥ <w < ¥
P lim F(CR)
R® ¥

Cr

Iilig@n*‘ F(s)=0

Nyquist locus begins (W ® -¥) andends(W® ¥) @0
Nyquist Criterion (restricted version):
#polesof T(s) that liein Re{s} 2 0
= the net #times that F(jw) with increasing w encircles the point s = -1, clockwise
The feed back system is stable «  T(s) has no polein Re{s} 3 0
° Nyquist locus makes no net clockwise encirclements of "s=-1"




