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• Output [ ]r k  of the sampled matched filters are sufficient statistics. 

• Detection can be made only after all [ ]r k  have been collected unless [ ] [ ] [ ]0k kρ ρ δ= . 

[ ] ( ) 2
0 h t dtρ = ∫ . 

• The complexity grows exponentially with the number of states. 
• Has long decision delay. 
• Not easy for adaptive implementation. 

• Channel correlation function 
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• The matched filter implementation requires that we use square-root raised cosine function as the pulse-

shaping filter. 
• Raised cosine pulse with roll-off factor α  

• ( ) 2 2

2

sin cos

41

t t
T Tt t t

T T

α

π απ

ρ π α
=

−
. 

-3 -2 -1 0 1 2 3
-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

Time [T]

Roll-off = 0
Roll-off = 0.5
Roll-off = 1

-1 -0.5 0 0.5 1

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

Frequency [1/T]

m
ag

ni
tu

de

Roll-off = 0
Roll-off = 0.5
Roll-off = 1

 

• ( )

1, 0
2

1 1 11 cos ,
2 2 2 2

10,
2

T f
T

T TQ f f f
T T T

f
T

α

α

π α α α
α

α

− ≤ ≤


  −  − +  = + − ≤ ≤    
   

 +
 ≥


 

• Bandlimited to 1
2T
α+ . 



• ( )0Q Tα = , 1
2 2

TQ
Tα

  = 
 
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Viterbi Algorithm 
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  ∆ = − + + 
  

∑ .  

So, we only need { }1, ,t t Ls s− −…  to define 1tπ − . 

Define the state at time t by ( )1, ,t t Ls s − +…  ⇒ ( )1, , L
t t t L

L

s sπ − += ∈…���	��
 C .  

For t < L, ( )0, ,t ts sπ = … . 

0 0sπ = . { } 2*
0 0 0 0 02ReC s r s ρ= − + . 

• To calculate the cost: 
Can start with the cost for state ( )1 1 0, ,L Ls sπ − −= … . There are Lc  possible states. 

1 1 1
* *

1
0 0 0

2Re
L L L

L m m
m

C s r s s ρ
− − −

− −
= = =

   = − +   
   
∑ ∑∑A A A A
A A

. 

Then, to find 1NC − , recursively use ( )1 1, ;t t t t tC C C r s π− −= + ∆  where  

( ) { } 2* *
1 0

1
, ; 2Re 2Re

L

t t t t t t t k k t
k

C r s s r s s sπ ρ ρ− −
=

 ∆ = − + + 
 
∑ . 

Or, can start from { } 2*
0 0 0 0 02ReC s r s ρ= − + . 

For L = 1,  



for t > 0, :t tsπ =  ( )

{ } { }( )
1 1

2* *
1 1 1 0

, ;

2Re 2Re

t t t t t

t t t t t t

C C C r s

C s r s s s

π

ρ ρ

− −

− −

= + ∆

= + − + +

 

For L = 2, 

( )1 1 0,s sπ = : ( ) { } { } 2* *
1 0 1 1 0 0 1 1 1 0 1 1 0, ; 2Re 2ReC C C r s C s r s s sπ ρ ρ= + ∆ = − + + . 

for t > 1, ( )1 1, ;t t t t tC C C r s π− −= + ∆  

( ) { }

{ } { }

2
2* *

1 0
1

2* * *
1 1 2 2 0

, ; 2Re 2Re

2Re 2Re

t t t t t t t k k t
k

t t t t t t t

C r s s r s s s

s r s s s s s

π ρ ρ

ρ ρ ρ

− −
=

− −

 
∆ = − + + 

 

= − + + +

∑  

• At each node, there should be only one surviving incoming path. 
• Complexity is linear with respect to N. 
• Ex: Real case: { }1,1= −C  

k 0 1 2 3 4 5

[ ]kρ 3 2 1 0 0 0

[ ]r k  -1 0 1 2 -2 1

Here, L = 2, thus, ( ) ( ) ( ) ( ) ( ){ }1, 1, 1 , 1,1 , 1, 1 , 1,1t t ts sπ −= ∈ − − − − . 

{ } 2*
0 0 0 0 0 02Re 2 3C s r s sρ= − + = + . 

( )
{ } { }

1 0 1 1 0

2* *
0 1 1 1 0 1 1 0

0 1 0

, ;

2Re 2Re

4 3

C C C r s

C s r s s s

C s s

π

ρ ρ

= + ∆

= − + +

= + +

 

For t ≥ L = 2, 

( ) { }
2

2* *
1

1

2
1 1 2 2 0

1 1 2 2 0

1 2

1 2

, ; 2Re 2Re

2 2 2
2 2 2
2 2 2 2 1 3
2 4 2 3

t t t t t t t k k t
k

t t t t t t t

t t t t t t

t t t t t t

t t t t t t

C r s s r s s s

s r s s s s s
s r s s s s
s r s s s s
s r s s s s

π ρ

ρ ρ ρ
ρ ρ ρ

− −
=

− −

− −

− −

− −

 ∆ = − + + 
 

= − + + +

= − + + +
= − + + +

= − + + +

∑  
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(1,1) 

(-1,1) 

(1,-1) 

(-1,-1) 

πt-1 πt 

∆c1 

∆c3 

∆c7 

∆c5 

∆c2 

∆c4 

∆c6 

∆c8 

 

( )1 1 21, ; 1, 1 2 4 2 3 9 2t t t t t tC C s r s s r r− −∆ = ∆ = = = = − + + + = −  
( )2 1 21, ; 1, 1 2 4 2 3 5 2t t t t t tC C s r s s r r− −∆ = ∆ = = = − = − + − + = −  
( )
( )

3 1 2

4 1 2

1, ; 1, 1 2 4 2 3 3 2

1, ; 1, 1 2 4 2 3 1 2
t t t t t t

t t t t t t

C C s r s s r r

C C s r s s r r
− −

− −

∆ = ∆ = − = = = − − + = − +

∆ = ∆ = − = = − = − + + = +  
( )
( )

5 1 2

6 1 2

1, ; 1, 1 2 4 2 3 1 2

1, ; 1, 1 2 4 2 3 3 2
t t t t t t

t t t t t t

C C s r s s r r

C C s r s s r r
− −

− −

∆ = ∆ = = − = = − − + + = −

∆ = ∆ = = − = − = − − − + = − −  
( )
( )

7 1 2

8 1 2

1, ; 1, 1 2 4 2 3 5 2

1, ; 1, 1 2 4 2 3 9 2
t t t t t t

t t t t t t

C C s r s s r r

C C s r s s r r
− −

− −

∆ = ∆ = − = − = = + − + = +

∆ = ∆ = − = − = − = + + + = +  

Trellis disgram: 
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( )1,t ts s−  (s0,s1) (s1,s2) (s2,s3) (s3,s4) (s4,s5)
 

 

k 0 1 2 3 4 5

[ ]r k -1 0 1 2 -2 1

[ ]ŝ k 1 -1 1 1 -1 1

Error Probability of MLSD 
• The probability of detecting the sequence correctly vanishes as the length increases. 



• [ ]min min min
1 2

0 0 02 2 2
d d dK Q P K Q o Q

N N N

      
 ≤ ≤ +                 

E  where dmin is the minimum distance between every 

pair of paths. 
• One-shot transmission and detection: suppose that only a single symbol s is transmitted over a Baseband 

channel h(t) modeled by ( ) ( ) ( )r t sh t n t= +  where n(t) is the complex Gaussian noise with PSD N0. 

[ ]
2 2
min min

1 2
0 02 2

h hE EK Q P K Q
N N

ξ ξ   
≤ ≤      

   
E  where ( ) 2

hE h t dt= ∫  is the channel energy, and minξ  is the 

minimum distance of the symbol constellation.  

• Define 
2
min

02
h

MF
E

N
ξγ = , 

2
min

02MLSD
d

N
γ =  where dmin is the minimum distance of any pair of sequences. 

• MLSD MFγ γ≤  

• ( ) ( )MLSD MFQ Qγ γ≥  because Q is a decreasing function. 

Fourier Transform, DTFT (1) 

• ( ) ( ) ( ) ( )1

1 ˆ ˆ
2

j t j tX e d x t X x t e dt
π −

∞ ∞
ℑΩ − Ω

ℑ
−∞ −∞

Ω Ω = Ω =∫ ∫ZZZXYZZZ . 

• [ ] ( ) ( ) [ ]1 ˆ ˆ
2

DTFTjn jn

n
x n X e d X x n e

π
ω ω

π

ω ω ω
π

∞
−

=−∞−

= = ∑∫ ZZZZXYZZZZ . 

• ( ) ( )ωπω XkX ˆ2ˆ =+ . 

• Sampling 
• [ ] ( )c Sx n x nT= ; n−∞ < < ∞  

• Deconstruction equation: ( ) 1 2ˆ ˆ
c

k S S S

X X k
T T T

ω πω
∞

=−∞

  
= +     
∑  ∀ω,TS  

(Oppenheim, Eqn 4.53) 

• [ ] ( )

( )ˆ

1 1 2ˆ
2

jn
c c

k

X

x n x nT X k e d
T T T

π
ω

π

ω

ω π ω
π

∞

=−∞−

   = = +   
   

∑∫
�����	����


 

Fourier Transform, DTFT (2) 

• ( ) ( ) ( ) ( )1

2 2j ft j ftX f e df x t X f x t e dtπ π
−

∞ ∞
ℑ −

ℑ
−∞ −∞

= =∫ ∫ZZZXYZZZ  

• ( ) ( )
2

ˆ
f

X f X
πΩ=

= Ω , ( ) ( )
2

ˆ
f

X X f
π
Ω

=
Ω =  

• ( ) ( )fXtx −→← ** F  



Proof Let ( ) ( )*y t x t= . Then,  

( ) ( ) ( ) ( ) ( )

( ) ( )

( )

22 * 2 *

*
2

*

j f tj ft j ft

j f

Y f y t e dt x t e dt x t e dt

x e d

X f

ππ π

π ττ τ

∞ ∞ ∞
−− −

−∞ −∞ −∞

∞
− −

−∞

= = =

 
=  
 

= −

∫ ∫ ∫

∫

 

• ( ) ( )* *x t X f− ←→F  

Proof Let ( ) ( )*y t x t= − . Then, 

( ) ( ) ( ) ( ) ( )( )

( )

( )

22 * 2 *

*

2

*

j fj ft j ft

j f

Y f y t e dt x t e dt x e d

x e d

X f

π τπ π

π τ

τ τ

τ τ

∞ ∞ ∞
− −− −

−∞ −∞ −∞

∞
−

−∞

= = − =

 
=  
 

=

∫ ∫ ∫

∫

 

• [ ] ( ) ( ) [ ]
1
2

2 2

1
2

ˆ ˆDTFTjn f jn f
DTFT DTFT

n
x n X f e df X f x n eπ π

∞
−

=−∞
−

= = ∑∫ ZZZZXYZZZZ  

• ( ) ( )
2

ˆ ˆ
DTFT f

X f X
ω π

ω
=

=  

• Sampling 

• [ ]
1
2

2

1
2

1 j fk

n

DTFT

f nx k X e df
T T T

π
∞

=−∞
−

 = + 
 

∑∫
����	���


. 

• ( ) 1
DTFT

n

f nX f X
T T T

∞

=−∞

 = + 
 

∑ . 

Proof1 ( ) 1 2 1ˆ ˆ
2c

k kS S S S S S

kX X k X
T T T T T T

ω π ωω
π

∞ ∞

=−∞ =−∞

      
= + = +               
∑ ∑  because ( ) ( )

2

ˆ
f

X X f
π
Ω

=
Ω =  

( ) ( )
2

1 2 1ˆ
2DTFT f k kS S S S S S

f k f kX f X X X
T T T T T Tω π

πω
π

∞ ∞

=
=−∞ =−∞

      
= = + = +               

∑ ∑ . 

Proof2 ( ) ( ) ( )
1

2
2 2

1
2

n
T T

j ft j ft

n n
T T

x t X f e df X f e dfπ π

+
∞ ∞

=−∞−∞ −

= = ∑∫ ∫ . 



Let nf
T

µ = − . Then, 

( ) ( )
1 1

2 22 22 2

1 1
2 2

n nT Tj t j tj ft j tT T

n n
T T

n nx t X f e df X e d X e e d
T T

π µ ππ πµµ µ µ µ
 ∞ ∞ ∞+ 
 

=−∞ =−∞−∞ − −

   = = + = +   
   

∑ ∑∫ ∫ ∫  

[ ] ( )
22

nj kTj kT Tnx k x kT X e e
T

ππµµ = = + 
 

1 11
2 2

2

1 1
2 2

T T
j fkT

n n
T T

nd X f e df
T

πµ
∞ ∞

=−∞ =−∞
− −

 = + 
 

∑ ∑∫ ∫  

Let fTµ = . Then, 

[ ]
1 1
2 2

2 2

1 1
2 2

1 1j k j fk

n n

DTFT

n f nx k X e d X e df
T T T T T T

πµ πµ µ
∞ ∞

=−∞ =−∞
− −

   = + = +   
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( ) 1
DTFT

n

f nX f X
T T T

∞

=−∞

 = + 
 

∑ . 

Power Spectral Density 
 

LTI 
h(⋅) 

w.s.s. X(t) w.s.s. Y(t) = 

( ) ( )h t X dτ τ τ
+∞

−∞

−∫
 

• ( ) ( ) ( ) ( )** *Y XR R h hτ τ τ τ= −  

Proof ( ) ( ) ( ) ( ) ( )*y t x t h t x t h dµ µ µ
∞

−∞

= = −∫  

( ) ( ) ( ) ( )( ) ( )y t x t h d x t h dτ τ µ µ µ τ µ µ µ
∞ ∞

−∞ −∞

′ ′ ′ ′ ′ ′− = − − = − +∫ ∫  

( ) ( )( ) ( )* * *y t x t h dτ τ µ µ µ
∞

−∞

′ ′ ′− = − +∫  

( ) ( ) ( ) ( ) ( ) ( )( ) ( )
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* * *
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*

Y
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R E y t y t E x t h d x t h d
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 ′ ′ ′= − − + 

′ ′ ′= + −

∫ ∫

∫ ∫
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( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

* *

*

*

* * *X X

X

X

R h h R h h

R h h d d

R h h d d

τ τ τ τ µ µ τ

τ µ µ µ µ µ µ

τ µ µ µ µ µ µ
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−∞
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 

′ ′ ′= − − −
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∫

∫ ∫
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Thus, ( ) ( ) ( ) ( )** *Y XR R h hτ τ τ τ= − . 

• ( ) ( ) ( ) 2
Y XS f S f H f=  

Proof ( ) ( ) ( ) ( )** *Y XR R h hτ τ τ τ= − . 

Thus, ( ) ( ) ( ) ( ) ( ) ( ) 2*
Y X XS f S f H f H f S f H f= = . 

• ( ) ( ) ( ) ( )* **h h h h dτ τ µ µ τ µ
+∞

−∞

− = −∫  

Proof  ( ) ( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )* * * **h h h h d h h d h h dτ τ µ µ τ µ µ τ µ µ µ µ τ µ
+∞ +∞ +∞

−∞ −∞ −∞

− = − − = − − = −∫ ∫ ∫  

• Let [ ] ( )
t kT

y k y t
=

=  and [ ] [ ] [ ]*
yR k E y m y m k = −  , then [ ] ( )y yR k R kT=  

Proof [ ] [ ] [ ] ( ) ( ) ( )* *
y yR k E y m y m k E y mT y mT kT R kT   = − = − =     

• If ( ) ( )0XR Nτ δ τ= , then  

• ( ) ( ) ( )( ) ( ) ( )* *
0 0*YR N h h N h h dτ τ τ µ µ τ µ

+∞

−∞

= − = −∫ . 

• [ ] ( ) ( ) ( ) ( ) ( )( )* *
0 0 *y y t kT

R k R kT N h h kT d N h t h tµ µ µ
+∞

=
−∞

= = − = −∫  
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