Statistics
Let Y ~ p(y;q). ( ) sufficient statistic (for the parametric family p(y;q))°
p(v:a[T (V)=
p(y;q) = g( (y),q)h(y) where g and h are non-negative function.

) isindependent of g " t.° Neymann-Fisher factorization:

Simple binary hypotheses: T {d,,a.} : t(y) = P(y:9) is a sufficient statistic.

p(Y:9,)
For gl {a,,....au} t‘(y):gp(y;_%) ..... p(qu)u is a sufficient statistic.
er(via) " p(via) g

Sufficient t(y) isaminimal sufficient statistic if, for any other sufficient , thereis
a(measurable) function h(¥ suchthat t(y) =h(t(y)).
Suppose there exists afunction T (Y) such that for two sample points x and V,
p(xq) }
theratio ———+ isaconstant asafunctionof q if andonly if T(X)=T(y).
p(v:a)
Then T( ) isaminimal sufficient statistic for q .

A statistic t(y) iscomplete if Egg(t(Y))gzc‘p(t(y)) p(y:a)dy=0"q b
Prgg(t(Y))=og=1"qT L. y

T(Y) complete and sufficient P minimal sufficient and unigue. Ex X, ~ U (0,q),

t(x) =max{x} .
K-parameter exponential family: A family of distributionsis said to be aK-

parameter exponential family if p(y;q) = p%éK_ c(a)lt, (y)+d(q)+s(y)§IA(y)

i=1
h(y)! (y) where 1,(y) istheindicator function not related to q .
()....c(a)).a1 L} hasan interior point, then

tl(y),...,tK(y))T is complete and sufficient P minimal sufficient and

Parameter space L ={q} :“Ul” .p;=P(Q1 L,)=¢oPr[Q=qa]dqg.

Li
p.(a)=PrgQ=a|Ql L.
Hypothesis: H,:Y ~p(y;q) qT L,,i=0,1,...,M-1L.
Observation space G.



A deterministic detectord : y ® {0, ..., M-1}. Partitions the observation space G
into K digoint subsets G and identify G with Q,.When Q ={q,} ,d:L ® {q,}.

. eed, (V) 9
A randomized detector d (y): y® pdfipmfon {01,...,M - 1. d (y) =5

¢
&y 1(37)121

M-1
(9)= P =KY =54 A (5)-
The detection D = d is a reglization according to D ~d (V).
Cost: C(i,q)=Costq® i. C(i,j)=Costj® i.Uniformcost: C[i,q]=C ,.qT L.
Assume C; > C; fordl i, j.
The Bayesian Detector
Bayesian / Bayes Risk:

R(d) = E[Cos] = ¢p(a)R (¢) = & PR (d) = & (7)R(d|)ay.

q i=0

Conditional risk: R(d|y) = E§Cost|Y = yH
1

R (¢)= & clia)me =iQ=ai=4 C(ia)¢s, (v) plya)y

-1 -1

C(i,a)Prgyl G|Q=apg=a C(i.a) Op(y:a)dy for deterministic detector
i=0 G

_ SD°§

0

R(d)= op.(a)R (d)g-

qi Ly
Bayesian Detector d; = argmin R(d). Because the distribution of y doesn’t depends
on the detector, the Bayesian detector for agiveny :
dg(y) = argmin R(d]y) = argmin Eg'Cost|\7 =yl

Simple Hypotheses: g1 {d,,...,0y.4}

The Bayesian detector is deterministic: d, (y) =Pr§D = k|Y = yH:i
| g)

0
M -
where|k, =d(y) = argmlnEgost|D k,Y = yji= argmlné of s} p(yq).

M°1 _ 1 %
EeCost|D kY = a_ (Q:qj|Y=)7):—_aCkipip(y;qj)'

(
R (d)= aC(IQ)PfeD"IQ =qg= “fé't c(i,a) Op(y:a)dy -



R(d)=ap, é Cy (‘)p(y;qj )dy . With uniform cogt, it is the probability of

error.
Binary Simple Hypotheses: p, =Pr[q =q,], p, =1- p,.
dg,, = Bayesian detector for prior p,,

i op(vja)

d(y)=d(y).d(y)= % o(vIa,) t heret = Cio~ Cw)Po
'|' (C01 - C]_’L)pl
10, otherwise

(CoP (9]do)Po +CorP (¥]1)P: 2 CioP(¥[a0)Po +CuP(F]a)p1)
G ={y:p(v]a)? t p(yao)} =
R(d) =Cyp, OP(Y:tp ) dy +Coppy OP( Vi ) dy +CooPo OP( ¥ ) dy +Cup, OP(Y; ) dy
G €} (€} G

iEx. H :Y~./V(q sz) Hl:Y~JV(ql,52).qo<ql.

, ]
d, +q, + S In (Clo Cm)poy_ For uniform cost,
2 G- do (Co- Cu)ps b
26,-00
S g

( ) poQg
b

0£a£t:p—°£bU £p, £ —
1-p, 1+a 1+b

Uniform cost with identity cost matrix Composite Binary Hypothesis Testing

p(yQT L) = op(qu)Pr@Q q|QT Ligdq = Op(y|q) [p']

Then, G, = |yy g=
f

=p—(‘)p(37|q)Pr[Q=q]dq

iL

|Pr[Q q]
pi(a)=PrgQ= CI|Q||-EI| P, -
to al L,
dB(Y):?l’ L(y)et t = uwhere

10, L(y)<t’ (Cor- Cu)p,
p,=P(QT L;)= o°r[Q q]dg .



_p(yjQi L,) /3][

op(yla)Pr[Q=a]dq _
)=o) Y oplniomaa (G G

R(d)=Prgd=1Ql L,gp,+ P&D= 0|QT L,gp,

=p, O oP(vla)dyp(alal Lo)da +p, & op(via)dyp(alaT L,)dq

\
qlLo G al L; Gy

=0 O P(vla)p(a)dady + ¢ ¢ p(yla) p(a)dady
GallL, Gyal L,

= o op(vla)p(a)dady + & op(yla)p(a)dady
alLe G alL,; G
Minimax Detection

Minimax detector/rule/criterion: minmax R, (d).
d g

If weknow Q~p;(q) "qf L; "i then minimax detector is mdinmfthk(d).

R(d)= T(:)IOK(Q)F%(Ol)Olq-

Simple binary hypothesistesting:
Risk for d given priorpo=p : |r(p,d)=pR,_(d)+(1- p)R, (d)|. (Linear wrt.

p)
"p"dr(p.d)3r(pd,,).
Minimax detector is d,, = rrLinmax{F?o(d),F{(d)}.

Minimum Bayesian risk V(po) = r(p07dB,po)

V(p)zr(p,dB’p)

Concave and continuousin [0,1].



$p, =argmaxV (p) =least favorable prior.
p

If V{p) existsat p =p" , then r(p,dB’p*) is atangent line of V(p) atp".
vip')=R(d,, - R(d;, )
R,(d) = EgCostla, §= & (Ldo)d (¥) P(¥:do)dy + & (0.00)(L- d () P(y:ao )y
R (d) = EgCost|a, = (fﬁ(l,ql)d (¥) p(v:a,)dy+ c‘yﬁ(o,ql)(l- d(y)) p(y:a.)ay
dg, =theBayesian detyector designed at p. y
ds, :argmdinr(p,d).

Minimum Bayesian risk given prior: n(p) =r(p.dy, ) £r(p.d)."d.
Solving for Minimax detector for binary simple hypotheses:
Equalizer rule: If there existsaprior p, suchthat R (dB,pL) = Fi,a(dB,pL) , then

p, istheleast favorable prior ( pV(p,)?3 V(p)), and the minimax detector
dy =dy, .
If not then,
- Ifp_=0orlthend, =dg, .
Otherwise, (if V(p) islinear in the small neighborhood of p, ,) consider
jdg,. (y) with probability q

d, add, =
and dg .., dy (y) 1. (y)  with probability 1- g

with g from

q= RO(dB,pE ) ] Rl(dB,p[) - V(I(p:) _
(R (0sc ) R(dosc))- (R0, ) - R, ) VARO)-vepd)
V(p)=r(p.ds, ) V(p)=r(p.dg, )
: r(p’dB;m’)/i
r(p,dM):r(p,dB,pL)i




The minimax risk = V (p )= R (dg, )= R, (dg,, ) for al cases
A detector d,, is minimax if it satisfies the equalizer rule R _(d, ) =R, (d,,) and
there existsaprior p,_ suchthat V(p ) =R, (d,,).
Randomized Bayesian Detector: r(p,d)
jd,(y) with probability g R(d,)
id,(y) with probability 1- q !
R(d)=0R (d.)+(1- a)R(d,)

The equalizer rule remains valid for composite hypotheses. If the min Bayesian risk is
differentiable at the least favorable prior, then the Bayesian detector is the minimax
detector.

Neyman-Pear son Detector
minR, (d) subjectto R, (d)£a;,i<K.

Binary Hypotheses: H,:Y ~ p(y;q), ql L;,i=0,1. Ho: null hypothesis. Hy: the
alternative.

Simple binary hypotheses: H,:Y ~ p(y;0,); H,:Y ~ p(y;a,) . Gy acceptance
region; G : rejection region.

Falsealarm (I) P, (d;q) =Pr[D=%q]=¢sl(y)p(y;a)dy=E,(d(y)) "al L,.
Thesize / level of adetector a (d) :quuLpPF (d:q).

Miss detection (1) B, (d:q) =Pr[D=0q] = ¢{1- d (y)) p(y;a)dy =1- E, (d (y))
"ql L.

The power of adetector = P, (d;q)=Pr[D=1%q] = ¢§i(y) p(y:a)dy=E, (d(y))
"ql L,.

P, (d;q)=1- B,(d;a) "qf L,.6 P:(d;q) and R, (d;q) hasthe same formulabut

using g from different sets.
Uniformly most powerful (UMP): A size a detector d,,, iSUMPif " d of sizef

a, R, (duwe;d) ® Ry (d;q) "al Ly.("da(d)£a (dye)P P (duwea)® B (dsq)
"ql L,)
For simple binary hypotheses, d,,,» = ag max R, (d:q,).
Pu (dido )Ea
(If E. e (Y)B=PrégP=1a g=a, then d,,(y) isasizea NP detector
forH,: Y~ p(y:a'): H,:Y ~ p(y;q,) forany g, L,.?)
For ssmple binary hypotheses, NP detector is

arg max P,(d)=ag min R, (d)=arg min R (d) with uniform cost.
P (d)Ea Pr (d)£a R (d)£a




Neyman-Pear son Lemma for ssimple binary hypotheses:
i1 p(y:a) >hp(yid)
1) Optimality. Any d"(y) = %g(y), p(y;a) =hp(y;q,) forsomeh 3 0 and
Yo, p(y:a)<hp(y:q)
g(y)T [0]] isthe best of its size.
Ry(d)- R (d)>h (R (d")- R (d)) forall d.
2) Existence. "al [0,]], there exists a detector of the form above.
V= min hgy<l  EO)hago
PréL(y)>ho;do BER f arbitrary, otherwise
Pr gL(y) >h;d, g is acomplimentary distribution function, right
continuous, and monotonically decreasing.
o= a- Prgl(y)>h;g.H
PréL(y) =h;q,4
(@ =P. =PrgL(y)>h;q,g+aPrgL(y)=h:a,g.)
3) Uniqueness. If ddisasizea NP detector, then d{{y) has the form above except
perhaps for a set of y with zero probability under both Hyp and H;.
Note: 1) P, (d) =Pr[D=%q,|=Prg.(y)>h;q,g+gPrg(y) =h;o,g. Since
Pr gL(y) >h;q, g is aso monotonically decreasing, we want low h to get high

P,(d"). 2 Helpful to plot PrgL(y)>h;q,g vs h.3) Canwork with t(y) in

stead of L(y) when the transformation is 1.1, increasing.
UM P detector

Let g be areal parameter. The real-parameter family p(y;q) has monotone
likelihood ratio (in T(y))if " q<q¢, p(y;a) and p(y,q9 aredistinct and
p(y;a9

L(y:a¢q) =
(viata) p(v:a)

y-on )

Ex.1) Ce =* .T(y)=Vy'0.2) c(q)h(y)eQ(q)T(y) when q(q) is monotone. 3)

i.i.d. Bernoulli, T(y)=Q v..

k
One-sided Hypotheses Testing: H,:Y ~ p(yiq) d £0.. H,:Y ~ p(y;a) 9 >q. (or
q9>q°2q.).
TheKalin Rubin Theorem: Let g beareal parameter and let p(y;q) have
monotone likelihood ration in T () . For testing the one-sided hypotheses, there

is anondecreasing function of some real valued T (y).




i1, T(y)>t
existsasize a UMP detector of the form d*(y)::'g, T(y)=t wheret andg

¥O, T(y)<t

are determined by thesizeconstraintt = min  t,
Prer (y)>to ;a-fEa

E, & (v)a=d(y)p(v.a.)dy=a .t andgarefunctionsof g..
Givenany g, <d,,and d” with NP form. Then P. (d*;q2)3 P (d*;ql).
E, @ (y)§=PréD =1 isanondecreasing ( ) function of q. So, for
L,=(-¥.a"f thesize (falsealarm) of d"is a (d’) =SpP, (d%a)=P-(d"q").
Two-sided Hypothesis: p(y;q) = h(y)e @™ ) with nondecreasing ( ) a(g). $
UMP detector for H,:q £q, orq 3 d,, H,:qT (q,,q,) of theform

1L 6<T(y)<c,
d*(y):_:'_gi' '|'(y):(;I where ¢; < ¢; and g are determined by

} 0, otherwise

qu gj (y)EI: qu 8d (y)H:a )
If Ho is surrounded by Hs, then suspect no UMP detector.
Bayesian Estimaion

Estimate random Q ~ p(q) from Y ~ p(y|a). The cost is EgC(Q Q)H Bayesian
estimator @ minimize EgC((i(Y) Q)H qABaymn(y) = argm(}n R(cﬂy) R((ﬂy) =
E&C(a- Q)Y=y¥=¢¢(a-a)p(aly)dg.
MMSE: G- (¥) =argmin g - | p(aly)da =E€Qlv= yj.
For jointly Gaussian Q and \7,qAMMSE’N(y):FQ5 +LQY(LW)'1(V- m ). In
addition, if m,,m, are zero, then (iMMSE‘NYO(y):LQ?(LW)'ly, linear. For
example, let Y, =3 Q+ N, k=1,...,n.Q~W¥(0sZ) | Nki'T'Jv(o,s,ﬁ).Then

~ 2 —_
qMMSE,NYO(y) =;__3Ty where g :E}. If a=1,then
Tra+ N0 s
&  9gp
~ _ g 10
qMMSE,JV,O(y) 1+g nai. Y,

Linear observation model: Let Y = HS+W, SIIW, S~ #(m,S;),
W~ (0,S,,), then the MM SE estimator is




EES|VY=m +SH" (HSH" +SW)'1(\7 - Hm,) . Error covariance matrix:
CoveS|Vi=S, - SH" (HSGH" +S,) "HS,.
Giveny, assume 1) C(d q) is symmetrical, i.e. C(x)=C(- x), and convex E,
2)let q,, =E(Q|y). then p(a]y) issymmetrical with respect to q,.i.e
p(d +[¥) = P(dn- a[¥), then dgqesen (¥) = e (¥) =0l

A

Qe (¥) =argminga - ap(aly)da = argrr;ini'ézll o - afp(a|y) da

¥

= M Q|Y= gi)p( ly)dg, = ¢ op(a]y)da, " ;'a

-IK

i ~ D - D -~ .D
A :|:1: a-q9 y >E ~ @ty Gntg
For Cp(d-a)=i Qo (y) = argminl- - ¢ p(aly)da =
1[0, EE G2 G2
~ D ~.D
@rs Oty
argmax O 0 ( |y)dq Let D® 0, then qMAP(y) = argmax p(q|y).
- D -~ D
%‘E On >

MSE For EX - >23=o unbiased, 00v(x x)=Eg>‘<- X)(X - x)HE

MSE(X) = E

, g—trace(Cov()?- )Z))

Linear MM SE: EQ =07?. Given zero mean random variables Y;,i =1, ..., n,

Q=f"y=4 f',. f" =EgQY" H(Eg\?\?“ H)l minimizes M SE =
i=1

EgQ- 62|th0 E4Q Y- BEQY" HEEV" ) E&Q"h.
Q isthe orthogonal projection of Q onto span{Y,...,Y,} .
ESQ- QU=0
For V1 e", X1 em, F* =Egxv"j(Een" g .
TX isthelinear MMSE estimate of TX .
X isaso the optimal linear estimate using the weighted cost function

rrFanIE,é X - FHY)H L(X- FHY)gforany L3 0.



_ =0,

. . O < - =Y
Linear observation modd: Y = HS+W , E% !
geW g

8@eSoaeSoo 6, 0u

Cov +=a then the linear MM SE estimate of S is given by
gQ\Nﬂe ﬁg eo S\/vvvg

S=S H"(HSLH" +S,,) V.
Affine MM SE estimator: Given random vector Y . If E@?H and EgXH are known,
then the MM SE affine estimator of X by Y isgivenby X =m +S_S*(Y- m).
Cov(X - X)=S, - S,87S,, . BEX- XUl
Cov(X,X)=Cov(X,X)=S,57S,.

If Tisnonsingular and 0 =Ty, then the MM SE affine estimator of x using y is
the same asthat usng 0.

0.

a0
If W and QY = areuncorrelated, and V = BX +W , then the MM SE affine
el g

estimator of V using Y isgiven by \7(\7) =BX =Bm + BS, S/ (Y- m),

affine MM SE
Cov(\7- \7) = B(COV(X- )Z))BH +Sy
Point Estimation

Criterion: Minimize M SE (risk) M Eg

Ja(v)- sl@) §==da()- Eeg( HEeg )a g(q)z
Anestimator §(y) of g(q) is unbiasedif Eg( Ji- g(a)=0"q . Then,
M, (8) = g (Y)- Eg@(\?)kﬂg For unbiased q, M(cf —trac Cov Y))}
Note that Cov((i ) Cov( Y)- q) :Cov(d (Y) +a) aways.

uMvu

Anestimator §(y) of g(q) is UMVU (uniformly minimum variance unbiased) if 1)
unbiased. 2) For all unbiased §¢, " q M, (@) £M,(§9.

Rao-Blackwell Theorem: Suppose that T( ) is sufficient for g and that §(y) isan
estimator for g(q) with E4G (y)|,§ <¥ foral g,



q)"zg£ ]Eg|gj(\?) || U 3) If components of § have finite

variances, then the strict inequality holds unless Prgg ( ) g(Y) =1.
7, ~ 2[:]_ 7 ~ . s . 2[] P s .
546(Y)- o) §=240(V)- & (V)] §+da (v)- ofa) ]
Furthermore, if §(y) isunbiased, then4) § () isunbiased for g(q). 5) (2) canbe
writtenas " q Var &' (\?)HEVar g(?)a
It6(9)=h(T(y)),then &'(v)=4(7)
L ehmann-Scheffé Theorem: If T(Y) is complete sufficient, and §(Y) isany
unbiased estimator of g(q). Then |§"(T (v))=E&3(Y)[T (Y)=T(y)f|isan UMVU
estimator.
Shortcut: Knowing T (Y) is complete sufficient, try finding E gT (Y)g.

For one-parameter exponential family, T(Y) is complete and sufficient, if it is
unbiased, then it is UMVU.
CRB: Cramér-Rao Lower Bound

R

s——Inp(yq
gﬂq ( )u
The scorefunction s(y,q) =& : a=N,Inp(y.q). B, g(Y:a)g=0
é U
2 q -
€ —Inp(yq)Y
eflax H
Fisher Information Matrix: 1(q)=Eg(Y;q)sq{Y;q)g=Coveg(Y:a)g?
€ T u_ € f
l.(q)=Eé—InplY;q)—Inp(Y;q)u=-Eé——Inp(Y;q)a
/(@) gﬂq| ( )ﬂq,- ( )g 870, 7q, ( )g

I(q):Eg(N In p(Y;q))(N In p(Y;q))ng- EGNZInp(Y;q).

For scalar g, 1(q) =E Sﬂ Inp(yq)ﬂzln p(y:Q)§=-Eg1%—2'n p(ya)q

e u
The Cramér-Rao Bound Let q be ascalar unblased estlmator of g. Then, CRLB:
M (q):Var(q) Var qu ) with equality iff

S(y;q)=%ln p(y;q)=l(q)(q -q).



Information lower bound: For biased estimator, E&(Y)J=F (q), then

, (F4a))

var(q(Y)) ) " ety i s(xa)=1(a)(a- F ().

If q (Y) achieves information lower bound, then it has minimum variance anong all
estimators q (Y) satisfying ﬂlE &l (Y)H= ﬂlEgi(Y)H Furthermore, if q (Y) is
q d

unbiased, then q (Y) is efficient and UMVU.
One parameter exponential family: Let L bean openinterval, and p(y;q) =

C(q)eg(“)T(y)h(y) . Within regularity, 1) the information lower bound is achieved by

q(Y) if any only if g (Y) =T(Y). Also, 2) T(Y) is complete and sufficient. 3) If T(Y)
is unbiased, then it is UMV U and efficient.
An unbiased estimator is efficient if it achieves CRB.
An efficient estimator is UMV U but an UMV U estimator may not be efficient
(when CRB is not achievable.)

If q(Y) achieves CRLB, then it is the solution to the likelihood equation

1
—Inp(y,q) =0.

19 ( ) a=q

$ efficient estimator g P distribution of the observation must belong to the

exponentia family. The efficient estimator can be found by the ML estimator.
CRB

q unbiased estimator of ¢, then Eg(d(Y) (i)(q(Y) qé)T 33 I'l(qé) with equality

iff [N, In p(y:a) =1(a)(a () - q)

Let §(y) bean unbiased estimator of g( )

Eg(g(y)_ g(q‘))(g ) (dg( )) ( e )) , with equality iff
1)

§(y)- 9(a)= dg(q‘))l *(q)R, Inp(

then

T

9 q_laaﬁo +=tr .Sq I3 Sql'"S ’
4 g ﬂql 2 1 ﬂql

'O"‘<

é u e ESs. p
where T :éﬂm(q) ..... ﬂm‘(q)l] , 15 é."g ab, 3
(o} é 19, (¢} E] 19, g 19, E]

Let Y~ (m,S), then I (q)=(dm)" S'dm .

)=
Also,N_Inp(y;q) =(dm)' s*(y- m).



Linear model: X = Hg +W, W~ #(0,S). Then X ~¥(Hg,S), and
I(q‘) =H'S'H. NqAIn p(y;(j) = H'SH ((HTS 1H)'1HTS. 1y d).

(H™s*H) " HTS'y|is UMV, efficient, Gaussian, ML, L east-square. Need

H full column rank for identifiability. ¢ ~ JV((:T,(HTS'lH )l)

_ o _ ] Eell 6 5 o]
Let V~eN(m.S;) redl q.Then &(q )8 = 2Re; gﬂ”& q 19%_3/ N
Te 4 g e |q)

State Estimation
State Estimation: 1) states: S,,, = A,S, +U, . 2) observation: Y, =H_S, +W,. Known
distribution of S, input %quence{ } observation noise {W} Egéoﬂzsq_l,
VARSSoH:Sq.l- Find the MM SE estimator of § given Y,,Y, ,,...,i.e,
S =EES |V V1B

Discrete-Time Kalman-Bucy
Xy =FX,+GU,, Y, =H X +V,. Qt:COV( ), R=Cov(V,). %

Xo_l:E[XO], So1 = So =Cov(X,) %S ( X |Ys 1) Y2 Kaman gain matrix

t- 1”

K, =Sy H (HSy H + R)'l.l/zktlgmg)q\?gu Ryr +K (Y - HR ) 22

tft-1 ft-1

St|t = St|t 1 K H St|t 1° t+:qt ngtﬂ Y—Ot H: tht|t t+1|t FS tht FT + GtQthT :
Kalman Filtering

Notation: V'y ={ ¥, Vi1 §..= EeS| U = the MMSE prediction of § from

the past samples. S ; = g $ s,tIt 1) |y¥EI glt—EeS¢|y¥H(the

. Cfe 2 \e s Ve d
MMSE filter) S,, _Eg(a- $|t)(5t- qlt) |y_¥r§|
Gaussian Model: {t,} , {W,} are zero mean, independent, Gaussian L, =E[u,ag .
Ly, =EWwd. s ~N(5,L,) independent of {a,}, {w,} .
Initialization: &, , = EES,§, Sy, =VARES =S+ Yopr = Hodps
Measurement Update: filtering: K, :Sklk_ng(HkSklk_lH,QH Sﬂk)'l

1/quk - s<|k-1 +K, (yk ) 9k|k-1) 1/28k|k = Sk|k-l B KkaSk|k-l



Time Update: prediction: §.,, = A§ 2SS,y = ASyAF+S, Y2
9k+qk = Hk+l$<+11k
Same formula for linear MM SE of non Gaussian.
Example

Normal i.i.d.: fiy, :Eé Vi ShL=
n

ML

1 . .
Hé‘ (Vi - M) biased.

Exponential i.i.d.: p(y;q) :(ﬂ)qe'qyi 1(y, >0) :q”e_q(?}lyi gé (', >O)E.
i=1 i=1 a

~ -1. ~ .
q(y)=5— iSUMVU. i, (y) =" biased.
ay avy
i=1 i=1
i.id | :é;)ﬁe nl éxi 1 &9 O
X ~fl’(| ) p(XI ): o =] = g" = :ga)g | +h(7()
O () Ofx) &= “
j=1 j=1
i.i.d 1 _
X, ~u(09). p(%q) :q_nl (max{x}< q)1(min{x}>0). t(x) =max{x} is
g(max{x} a)
complete and sufficient. g (y) :Emax{yi} isUMVU.
n
. .. _ én-y“ n—gy o . ..
Binary i.i.d: p(x,q)=g= (1-q) 2™. Q vy, iscomplete and sufficient.
k=1
N g
Qe =duomwu = <A Yk -
Ny=y
Binomia: p(y;q) =§;ﬂqv(1- q)"”;yis complete. No unbiased estimator for
2
1
g(q):a-
ML Estimator

The ML estimator of parameter g from Y ~ p(y;q*) ql Qisqy (V) =

argmax p( ¥ )| =(argmaxin p(y:q )|

The best linear unbiased estimator (BLUE) is Olg, . = Ay ey Where
Ayue = argminEgq - AY|['Y subject to E[AY] =q.

For linear model X = Hqg +W with zero mean noise, chLUE = chL.



For the K-parameter exponential family, let € bethe interior of the range of
{(cl(q) ----- ¢ (@) .al L}.lf Eg (Y)§=t(y),i=1 ..., K haveasolution q(y)

|nvariance: Let g(q): Q%(’%@F g (f ) F%3®{A:Al Q} betheinverse
image. Define /(y;f )= sup p(y;q).If q,, isthe ML estimate of ¢, then

al g'*(f)

fu = afgsypf(y;f ) = g(qML) :
flF
p(Y;,)u p(y:do)
— In———~Ldy3 0 with equality iff
D(aof) 2 6 & A p(YiQ)B Sp(yqo) o(va) y

p(yid,) = p(y,q) ae. If g, isidentifiable, then D(g,Ja) =00 q =q,.
0, isthe global minimum of D(q0||q) and min D(ap]a) U max B, gn p(Y;a)g-

Foriid. Y, g, = argmax - N a Inp(y;q) ¥%%® argm(?xqu gnp(Y;a)g.

=1

To solvefor ML: s(y;q) N In p(yq)‘ =0.

q= QML
NewtonRaphson: q —q ( (y,q ))(s(y;q(k))).
J(v:a)=RZIn p(V'q)
Scoring Method: q** =q® l(q("))(s(y;q("))).
Let the complete data Z = gﬂ ~ p(zg).Only Y~ p(y;q) isobserved.
e'u

Qa®.a¥)>Q(a”.a”) b Inp(y:a®)2 Inp(y:a®).

EM: Q(a:a") =B, én p(Z:a)|Y =g, g =argmaxQaia ).
If distribution of S does not depend on g,

Q(q;q(")) =E i §n p(Y|S;q)|Y = yH+ constant

Asymptotically unbiased ® lim E(cf(Y)) -q=0
Consistency: (d) distribution lim pA(q) =p, (a), (p) weak

I|mPrgq ‘>du 0"q,(w.p.l) strong Prellmq( )= qul"q,(m.s.)

1(Y) -qH g:o.(w.p.l)p ® P (d). (ms)P p.pand

bounded Q P (m.s)
Asymptotically Normal: \/ﬁ(qA q) ®~ N(0,5(q)).



Var (d(Y))
Asymptotically efficient (BAN: best asymptotically normal) © lim—————~-=1.°

ne ¥ CRB(q)
\/ﬁ(d q)®~ N(O,I(;l); Io(q)=limll (q).

n®¥ n
Y; i.id. Under regularity conditions, 1) cfh(A”B ® q (wek). 2) (ih(,,”L) isasymptotically
Gaussian and asymptotically efficient.

Sequential Detection

Fixed sample size (FSS) detector. Example: Consider the n-sample simple binary
iid

hypotheses %€, vs. J6.: 3 =Y, ~./V(m S 2) i=0,1,k=1,2, ..., m>m. Then

- m 6% nf Ly
lnL( ) 8 s? kalYB-
[ 2 20
iy p{m-m) (mszna) -
InL (\7”) ~ I e . The minimum n such that the
& (m-m)” (m- m)" O
,Né-n =7 ,n 52 A
1 2

.2
optimal detector has size < a, and power > b is n= gi(Q Ya)- Q'l(b))g .
eM-m 7]
Simple binary hypotheses %, vs. ;. J€ =Y, - p(yiq). k=12 ...
A sequential detector (f,d) is defined by 1) stopping rule sequence [f ] :
j1° stop datacollection & make deC|S|on

fo(%)=1 ,O° continue data collection R"® {01} terminal decision
rule sequence [d,]: d.(9,) = 4. 2) Stop
time: N (f ) =min{k:f, (¥ k):]}.
The sequential probability ratio test: L(Vn)
SPRT(AB): L(y,)=PIni%)
P(¥,:0) B¢ Choose %,
|1° stop, L(%)* B B
fo(%a) =i orL(y,)EA |
o L)l () M
11 L(y A
% ()=, TO Lg;EA Al Choose %




1- b and B££.
1-a a

The Wald-Wolfowitz Theorem: The SPRT(A,B) detector (f.,d.) hasthe minimum
stop time among all detectors (including FSS detector) with size no larger and power

P.(d) £ PR (d. )Pp E, éN(f ) E, @N(f.)gi=01

SPRT is optimal in the Bayesian problem. SPRT satisfies A3

no lessthan those of (f.,d.).

JORLACH
p(Y;:a,) p(v;:q,) g
=In———+. z =In———=+. InL(y, -
p(Y;:9) P(Y:ido) (h)=az
Wald's Approximations: Given a and b, the optimal SPRT(A,B) can be
approximated by SPRT(A¢BY with A&% and B¢=§.
1- b(]:Eu—A(IJEA < B£B¢—££b—¢b a<b.
1-a¢ 1-a a a¢

(AB)1 (AtBY b the approximation requires more samples.

P.(d)+R, (d§=ad(1- bd £a +(1- b)=R.(d.)+ R, (d.)
The Wald’s Equation: Let Z; be independent and i.i.d. with EZ £¥ . LetN bea
stopping time, then, E[Z, +---+Z,] =E[Z] E[N].

b 1-b
alnB+(1-a)lnA aln§+(1 a)lnl a

EqO[N] » qu[Z] » qu[Z]

b 1- b
bInB+(1- b)iInA_PIN—=+{-b)inT—

S N A

B, [2]= yc‘>0(y:qo)ln E((zg))dy B [2]= yc‘>0(y:q1)ln—

8, _n(n+1)2n+1) X:b(f) y S =

a k==2 a K =m——— f(X) a(cx))g(,y)dy,fﬂ()
b(x)

bdx) g (xb(x)) - atfx) g (x a(x)) + q“g(x )y . o< e =

G(n +1) , for

ix

N nN nl ¥\»ax2 1 p ¥ —(ax2+bx+c) \/Eb2—4ac
nl N, = ) dx==,[—. ¢ dx=,/—e 4 .
a™ ?a 2\/; 99 a




XYY = yE= o (% Y) Py (x|y)dx aconstant. Egf (X,Y)|Yg isarv.
X)g(Y)g=E&a(Y)EEF (X)|Y . Set g(y)° 1, f(x) = x, then have

. aXo axX0 e odab, L, 00
_ ~ C .. +,QL L _:Then,
Yg &Y g eMgélw Lway

L sy
Define K =L L 5. ThenEgX |yg=m +K(y- m ), Ly, =Ly~ KL
(X,Y,W) jointly Gaussian. W || (X,\?), V =BX +W . Then
V|y~N(EEV|98.L, ) where E g7 |y§=BEgX |yg+EW,
adL, =BL,

=Ly - Lyl b o

XY~ YW~ ¥ *

BT+ L
- 1 1 1 _
(aaT+cIn,n) —El-m i

Dy, = Schur complement of Aj1 = A, - A A[A, 2D, = A - ALAA,

é | OuéA, A,uél - A'_llAizl]_ éA, Ou
é - 1é 1é u=é it
€ AZlAlll I H 1 AzzHeO I § &0 DllH
T T¢
ar=8 Dz -DZAANU | (A+BCD)'=A*- A'B(C™+DA’B) DA’

e -1 -1 -1 -
& DAy A Du (A+BCD) "= A'- A'B(1 +CDA'B) 'CDA®
(A=AQ and (A3 0) P TAT¢3 0P D,3 0.



X - mO

Q(0)==, Q(-2)=1- Q(z)@Q‘l(l- Q(z))=-z@ P[

Poisson 2(1 ), €' — ;W=N,0£1,EX =I ,VARX) =1, F , (u) =E™ = ¢ "

0 Binomial g —p 1 p) - np, np(1-p), (pe'+1-p)" & Uniform U(a,b), a_2b

aeb-ao
(b- af e SNL——
e 2 €

12 b- a
2

il
a "Ee x<0 )
£(a),_e-a|X| 7a- >O | 101 o
1 2
2 |1 e x30 a a
) 2
¥

Gamma function: G(q) = ¢)**e*dx.; q>0.G(n)=(n- 1)! for nT N. G(n+1)=n!

0

if nl NE{O}. 0 =1. Gg—_—«/— G(x+1) =xG(x) . Gamma

1 a
_21

.0 Laplacian

2 5 Exponential &@), a%’

®
®
c

I x

| 9% 'e e
.q>0.x2 0. Exponential distribution

distribution:G(q,! ). p(x) = &(a)
€(l) is G(L1).

S840 oy g o (03

Betadistribution: p(z)=b, , (z) = G(,)G(a,)



|qu lelx

Let X, ~ —————, independent. Then Z, = and Z, =X, + X
()= Ga) X, + X, 2T
are independent, Z, = — ~b, . (2). Z=X,+ X, ~G(q+q,! ).
X +X, o

é X NG?a) q;.| 9
i i (%]

Central chi-squaredistribution: X ~.¥(0,s ?). Y = X?. Then

1 % 1 .
p(y) = e>",y3 0. F(u)=—————— . chi-square (or gamma):
NAYs (1- j2usz)%
iid. n h, . X
Xi "'d./V(O,SZ) Y:é XIZThen p(y):;&noyz 1e 252 :Gg zsig y3
i=1 (25 ) gzg

0.F(u)=(1- jas 2)'5. E[Y]=ns?, Var[Y] =2rs *.

Decorreation

. . . é
If A3 0isthe covariance matrix (E[)‘(XG]) of azero mean random vector X = e:u
u
. ey, u é X u .
The vector x can be decorrelated viatransform y = éy g=Tx=ga_ A 1o g With
&Y-(l &% - AnA X
é 0 u
covariance Cov(y) =E[yy¢ = Aél
é

D,=A,- AMAIAZ Cov(x2 ,%1 )3 0 with equality iff Prgx2 AZlﬁlle 1.



