Background
Eéf (x)g: Ep(x)éf (x)g: Ep(x,y) éf (X)H
Proof E,, ,&f (X)§=a é p(x y f(x)=a f(x)a p(xy)

XX yly X X yiy
= Iast f(x)p(x)= Ep ) & (X)g

Pax (X[X) =1.

p(%x) = p(x|) p(x) =1p(x) = P(X)

Convention, based on continuity arguments:0log0= 0, Ol og— =0, 0l og P =¥
q

Let { p(x)} and {a(x)} bethe pmf for the same alphabet set L. Wesay p=qif " x1 X
p(x)=a(x).
Convexity
Def: A function f(x) is said to be convex (convex E) over an interval (a,b) if
"x" %1 (ab) and 0E1 £1, f (I x+(1- 1 )%)E1 f(x)+(2-1)f(x).
A function f issaid to be strictly convex if equality holdsonly if | =0or| =1.
Ex. (strict) x*,|x|, &,xlogx (for x 3 0)
Def: A function f is concave (convex C) if —f is convex.
Ex. (trict) log X, ~/x for x 3 0.
A function is convex if it always lies below any chord.

A function is concave if it always lies above any chord.

If the functionf has a second derivative which is non-negative (positive) everywhere,
then the function is convex (strictly convex).

Proof. Let f GI( x) >0 " x. By Taylor's Theorem and Lagrange Remainder Theorem,

f
f(x)="f(x)+fqx%)(x- %)+ (ﬁ(x) )’ where X is between xo and

f
X. S0, G(Z )(x %,)° 3 0 with equality iff x=x,.

Thus, f(X)3 f(x)+ f4x)(x- %) with equality iff x=Xx,.
XX % et X =%+ (1-1)%
Letx =xy. Then, f(x)3 f(x,)+ f4x)(x,- X,)

=1(6)+ 140%)(1- 1) (% - %)

with equality iff | =1.



Thus, | f(x)3 1 f(x)+ fqx)l (1- 1 )(%- %) iff | =Lorl =0
Similarly, let x = xp, then
(L-1)F(x)3 (2-1)F(%)- f4%)(2- 1) (% - x,) with equality iff
| =0orl =1.
So, | f(x)+(1-1)f(x,)2 f(x) withequaityiff | =1or| =0.
Linear functions ax+b are both convex and concave.
Jensen’ s inequality
Let EX = § p(X)x in discrete caseand EX = o) (x)dx in the continuous case.

oy
If f is a convex function and X is arandom variable, then Egf (X)g f(EX).
Proof by induction.
fisconvex E; 0, a,f(x)+a,f (x,) where a, +a, =1. So, Egf (X)g3 f(EX)
holds for || = 2.
: .kt ak' 0o '
Assume it holds for |¥|=k- 1,i.e, ia_laif (%)2 fgia_laixizwhere %ai =1.
Then,
If f is dtrictly convex, then Egf (X)g= f (EX)P X = EX with probability 1, i.e, Xisa
congtant.
log(EX) * Egog(X)g

Fundamental ineguality: |1- = £ In(x) £ x- 1] with equality iff x =1
X




Intro

Axiomatic Derivation of Information Measure:
Four Postulate

A) Bayesianness: There'safunction f (a,b) suchtha i(x,y)=f (a,b) ¢ op

b DXRY) .

B) Smoothness: f,(a,b)=— f(a,b)and fz(a,b):ﬂlbf(a,b)exia.

fa
C) Successive Revelation: f(a,g)=f(a,b)+f(b,g), 0£a,b,g£1.
Justification:

The information you get about X by observing (W, Z) have occurred is that
provided by observation that W= w plus that subsequently provided by later
learning that Z = z

i(x,(w,z)) =i(x,w)+i(x|w, z).

& 0 & O & 0
£ Ep(x). p(xjwz) 7= £ Ep(x), p(x|w) I+ f Ep(x|w). p(x|w. 2) .
Ty e &7 TV s &9 o

D) Additivity over (independent experiment): f (ag,bd) = f(a,b)+f(g,d),

Ofa,b,gd £1.
Justification:
Consider 2 independent experiments:
X® ®Y
U® ® V

p(xu)=p(x)p(u)
Then, p(y.vlxu) = p(y[x.u)p (rly x.u) = p(y|X)p f/]u).
i((y,v),(xu)) should =i(x,y) +i(u,v).
i((yv). (xu) = f(p(y.v). p(y2v[xu))
= (P ()P (v) p(¥¥ p(viu))

féﬂ(ﬂ&(ﬂ’p(ylx)p(vlﬂ? f(p(y).p(y1x))+ f (p(v). p(vlu))

b%r—’%f—’
a 9 d g



A)-D)P i(xy)=klog p(x.)

P(X)
Entropy

Entropy of arandom variable X
A measure of the uncertainty of the random variable

A measure of the amount of information required on the average to describe the random
variable.

Average self information of X.
Minimum of yes-no questionsto get the value of X exactly.
de’(ern(1)inistic£ H (X) = H ({ p(X)}) =" Eéog p(X)g£ |0g|x| '

uniform

H(X)=-a p(x)logp(x)=-E,@ogp(X)§

xI &
=EE(X)g
3 O with equality iff $x1 X p(x) =1
£ log| | with equality iff * x X p(x) :ﬁ

Proof H(X)?2 Owithequality iff $x1 & p(x)=1.
" x p(x) and - log p(x)2 0. Thus, " x- p(x)logp(x)3 0.
Hence, - & p(x)logp(x)2 0.

X X
H(X)=0U "x- p(x)logp(x)=0.
But p(x)logp(x)=0 if and only if " x p(x)=0or 1.
"x p(x)=0or1iff $x p(x)=0.
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- p(x)1og p(x)
o5k
04
03F

02

0.1

P(x)
Proof H (X)£log|q|with equality iff " xT & p(x):ﬁ
H(X)- log|¥|=Eg& logp(X)§- EEL|d Eglog—1 Y
) - Ch H=E¢ g
e Tr(X)g
£EG 1‘1J a n( )EJe 1 9
7o~ - 10= X =
d2p(X) 4 ix - ETp(X);
:éi- 1:@- =0
x| |
H(X)=1log|%| U " x L -1
[ p(x)

If the base of the logarithm is b, denote the entropy as H, (X).

[bits] if using log, (¥ . [nats] if using log, (.
A functiona of the distribution of X.
Not depend on the actual value taken by the random variable X.

H(X)30

H, (X) =(log,a) H, (X).

o .1 1 1, 1 1

Ex. ent f af t - =log=- =log==-log==1.

X. entropy of afair coin tossis 2092 2092 092

H (X) isafunction of { py (x); x &} Hence, should be written as H ({ p, (x)}).

H ({ p(x)}) isconcave (convex G) in { p(x)}



"1 1 [0,3] and any two pmf { p,(x), xI &} and { p,(x), xI 4},
H(p’*)3 | H(p,)+I H(p,) where p'(x)=1 p,(x)+(1- 1) p,(x) "xI Z.
Proof
H(p)-1H(p,)- (1-1)H(p,)
=-a p'(x)log p(x)
il Xiéx p.(x)log p(x) +(1- | )?x p,(x)log p(x)
=- A (I p.(x)+(2- 1) p(x))log p'(x)

Xl X

+1 Xiéx p.(x)log p, (x)+(1- | )Xlé;l p,(x)log p,(x)

=1 o8 p,(x)lo P(¥)0, 1o 1) x)lo P(x)0
=1 ga p.(x)! gp*(x)+ (1 I)gg P, (%)! gp*(X)E

%]

=1 (1-1)+(1-1)(1-1)=0

H(g(X)) £ H(X)]| with equality iff g is one-to-one.

Proof (1) H(X,g(X))=H (X)+H(g( X)|X) by chain rule.
But H(g(X)|X)=0;s0, H(X,g(X))=H(X).
(2) Also, by chainrule, H(X,g(X)):H(g(X))+H(X|g(X)).
Because H (X| o( X)) 3 0 with equality iff g is one-to-one, we have
H (X, 9(x)) 2 H(g(x)).
Combining part (1) and (2), we have H(X)32 H(g(X)).

- For two random variables X and Y with ajoint pmf p(x,y) and margina pmf p(x) and p(y).

H (Y|X = x) =- % p(y|x)|ogp(y|x) :

. Joint entropy: [H(X,Y)=-E@ogp(X,Y)g=- a & p(x.y)logp(xy)

XX yYy




Conditional entropy | 0, £ H(Y|X)=-Egogp(Y|X)§e H(Y)

=f ( ) XY independent

H(YX)= & p()H (v[x =)
x X
=-a a p(xy)logp(ylx)
XX ylYy
== Eyuy 80ap(YIX)g
30
Conditioning can only decrease entropy: H (Y|X )£ H(Y)

Proof. 1(X;Y)=H(Y)- H(Y|X)3 0.

H(X|X)=0
3 3 _‘|,1 ,Y=X
Proof p(X-y|X—x)—%O i
o p(x) L y=x
p(X—y,X—x)—% 0yt x
H(X]X)=-a & p(xy)logp(y|x)
XX ylx
[o] & [o] 0
=- & Sp(x,x)log p(x|x)+ & p(x y)logp(y|x):
g ;
- )

1
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H{g(X)[x)=0
e s
p(g(X)=y.X =x):_\i pgx) if ggg



H(g(X)[X)=- 8 @ Py g00(x%¥)100p,x (Y1X)

A& ylg(e)
[ S]
=8¢ & Py (xy)logp(yx)+
e
A P(x.y)1ogp, x (¥]¥)
vig(x) +
yig(x) 7]
® ('j
_. 8¢
agéa p(x)logl+ § Ologo:
XX §y| g(x) yig x; =+
y=9(x) ytg (x !ZJ
=0

Proof H (g(X)[X =x]=-3 P, xjx (Y1) 109P, 15 (/%)
y

' é(x) P (1%)109Py 55 (1%)

- yé-(x) Py(x)x (V|X)'°9pg( X)x (/%)

} pg(x)|x(9(7()|7()|°g pg(x)lx(g(x)b()- yé_(X)OIogO
=-1logl+0=0
H(g()?)|)‘<):§[X pX(X)H(g()?)|)?:x):% py (x)0=0.
Chainrule: H(X,Y)=H(X)+H(Y|X).
Proof p(x,y)=p(x)p (y |x)
H(X.,Y|Z)=H(X|z)+H(Y|X,Z).
Proof p(x,y|z)= (x|z)p(y|x,z).
Ingeneral H(Y|X)t H(X]Y)
H(Y)- H(Y[X)=H(X)- H(X]Y)
Proof p(x,y) = P(x)P(y [x) = p(v)P(XY)

H({p() p(Y}) = H ({ (v} +H ({p(x)}).

Def: H(p)_- plogp- (1- p)log(1- p)



Entropy of a collection of random variables.
Let X represents X, X,, ..., X

n-

Let X;, X, .., X, bedrawn accordingto p(X,%,,...,X,) .
Joint entropy: H (Xl") =- Efog p(Xl")B
H(X0 X0 X)) =8 & - 8 P(% X%, )100 P % %)

14 %l L, %14,

=-Egdog p(Xl,Xz ---- Xn)g
H(Xl”,Y)=H(x1n)+H(Y Xln)
Proof p(X,y)= p(xf)p(y

xl").

Chain rulefor entropy: H (X, X,...,X,)= én. H (X X0 Xy) -

H(x7) =~ Egoap(x!J§=4 H (x [xi*)e & H(x)
i=1 i=1
X;'s are independent

H(X,Y)=H(X)+H(Y|X)=H(Y) +H(X]Y)

H(X.,Y|Z)=H(X|z)+H(Y|X,Z)=H(Y|Z)+H(X]Y.Z)
H (X) £10g|4], where || denotes the number of elements in the range of X

with equality if and only if X has a uniform distribution over & .



Conditioning reduce entropy: H (X |Y) £ H(X) with equality iff X and Y are independent.
Proof 1(X;Y)=H (X)- H(X]|Y)* 0with equality iff X and Y are independent.

Knowing another random variable Y can only reduce the uncertainty in X.
No general comparison between H (X|Y =y) and H(X).

| ndependence bound on entropy: H (Xl”) £AH (X;) with equality if and only if the X; are
i=1

independent.
Relative Entropy

Relativeentropy / Kullback Leibler “distance” between two probability mass functions p(x)
and q(x)

9,£0(pla)=4 p(x Z((:)) :Eglogg((;())é [bitg

A measure of the inefficiency of assuming that the distribution is g when the true
distribution is p.

If we knew the true distribution { p(x)} of the random variable, then we could construct
acode with average description length H ( p) . If, instead, we used the code for a

distribution q, we would need H ( p) + D(p ||q) bits on the average to describe the
random variable.

Proof. ( p(x)logq(x))- ( p(x)log p(x)) = p(x)logw. So,

a(x)

p(X)u
u-
o

Eg | X)g=Eg | +E
& loga(X)g= Eg logp(X )g éogq(x),

30,=0iffp=aq.
oot D) =& p()iog Tt & P - 2%
> & (1Y)~ a(x) =1- =0

Note that this just means if we have two vectors 0,v with the same lengths, each

have elements which summed to 1. Then, a u, Iogi 3 0.

Ingenerd, D(pl|a)* D(a]p).



Log sum inequadlity: for non-negative numbers, a,,...,a, and b,...,b,,

n n 2 é- a
A alogd s 33 a Jog2—|with equality iff 3 = constant " i .
i=1 b 8i:1 g 3 b

ab

i=1

Proof. Define a¢= na,. =8 and be= h _h . Then, from
aa

i=1 i=1

>

D(pla)= & p(x)log;’gx)s 0, we have

X X

X
[N

a
2 ¢_ga, A_4 B_¢ 4 A
0£3 alloax = B 10gA=8 3100283 3|03 . & &gl
AT Ay A AT A A AR A ATE
B
18 a 1@ a AD
=—q alog—- log—=— .log— - Alog—=
e gl et Ao

Thus, §n1 alog%3 (A)Iogg.

i=1

o . a A
Equality iff a¢=bh¢" iU L= —_"
quality It al=b, b B

alog%:¥ ifa>0,and Olog% =0.

Not a true distance since symmetry and triangle inequality fail. Nonetheless, it is often useful
to think of it as a distance between distributions.

D( p||a) isconvex E inthe pair (p,q).

If (p.,q) and (p,,q,) aretwo pairsof probability mass functions, then

D(I p,+(1- 1) p,|l &+ (1-1)a) £1 D(pfa) +(2- 1)D( p|a) * O£ £1.
For fixed p, D(q||p) isaconvex E function of g.

D(I g, +(1- 1 )a,|p) £1 D(a][p) +(L- 1 )D(a,] ).
Proof.



qO(X)
= Alog—
Eéai Iog%
=1 pl(x)loglI :1((:)) (1- 1 )pZ(X)lc’g((i-_ |I ))22(( ))
=1 p,(x)log 211((:)) +(1- 1) p, (%) g%

. Conditional relative entropy D( y|x)||q(y|x))

p(Y[X)U_o 1o p(y[x)
p(y y Eéog u=a p(x)a p(y|x)log———
PR = Egeoryixys4 P& PR
D(p(x)fa (x))= 0
Proof. Map x”%%@{i:izl ..... |x|n},p($<)®u q(X) ® v;. Then, aq =1, and
av 1Useau|ogi30
D(p(42)[a(x|2))> 0
. o _ o . o p(x|z) ,
Proof.. For any given z, § p(x|z) =1, and a q(x|z) =1; thus, § p(x|z)|ogq(x|z)

p(¥2)

a(xz)

0. D(p(x|z)||q(x|z)):éZ p(z)éX p(x|z )Iog

30

(p (x[2)fa(x|z))> o

- Chain rulefor relative entropy:

D(p(x.y)ff(x)) =0 (p(]a(x))+ O p(yX)]p(v1x))

Proof p(x.y) - p(X)p(y|x) _ p(x) p(y|x)l
a(x.y) a(x)a(y[x) ~a(x) a(y[x)




Mutual Information

oo oopy) o p(xly) o p(yix)
i(x,y)=log 59 p(y)—log 54 =log oY)

i(x,y)=i(y,x); moreprecisely i(X=xY=y)=i(Y=y,X=x).

; can be negative.

If p(x]y) =1, the mutual info is equivalent to the self-information of symbol x.

Px]y)
P(x) plxly)=1

i(x)=i(x,x) =log pp()’((l))() =log p(lx) =-log p(x).

:Iogﬁ =- log p(x).

(%) =i(x.y)

=log

plx|y)=1

.4 0..5 O..G 0.7 0.8 0.9
p(x)

Average Mutual information
A measure of the amount of information that one random variable contains about another

random variable. (H (X[Y)=H (X)- 1(X:Y)).

The reduction in the uncertainty of one random variable due to the knowledge of the
other.

A special case relative entropy.
Need on average H ({ p(x,y)}) info bits to describe (x,y). If instead, assume that X
and Y are independent, then would need on average
H ({ p(x) p(y)}) + D(p(x,y)" p(x) p(y)) info bits to describe (x.y).

Average mutual infor mation

iff independent

é P(X.)Y)
0 £1(X;Y)=Edog— <
x:Y) Sog X)q (Y




Nkﬂ=éép&dwgﬁgﬁ%

XX yly
é
= By €09
e
=D(p(x.y)|p(x) p(y))

3 O with equality iff X and Y are independent
Proof

Proof. 1(X;X)=H(X)- H(X|X)=H(X).
L(X;Y) =1(Y;X)

The X says, on average, as much about Y as Y says, on average, about X.
Conditional mutual information of random variables X and Y given Z,

1 (X;Y]Z)=H(X|Z)- H(X]Y,Z)
p(X.Y[2)

) B0 2 ()

3 Owith equality iff X and Y are conditionally independent given Z

=E

P(xylz) 1 plylgp(xly.z) 1

R P T I 7 R C A




Proof. 1(X;Y|Z)= D(p(x,y|z)"q ky |z))3 0 where q(x,y|z)=p(x|z)p(y [z)-
U o o o o p(x.y)
g—)a— aadaa p(xf’)’)k)gm

Xl L X1 X, Y Y

aH(x[xy)

=1

Proof |(x1”;Y):H(X1”)- H(X”Y):én- H(Xi|xli-l)

% (X x i)
H(X [X1)- H (XX Y) =H(X[Z)- H(X [2,Y) =1 (XY]2)
=1 (X, X))

(X, X, Y) = H(XGY)+ (XY X))

Stationary I nfor mation Sour ces
Consider stationary source {U (k)} . Common alphabet U .
H(UD)=H (U

Per letter entropy of an L-block:
H (UlL) B H (U||(<+|_-1)
L | L

=limH,
L® ¥

H

Volumetric

Incrementa entropy change



h=H(U )= H(U})- H(U)

H

=limh,_.

Incremental L® ¥

For stationary Markov chain (the initial state of the Markov chain is drawn according to a
stationary distribution.):

M ior = H (U JUE) = H (U UL,) = H (U JU,) "Lz 2,

H=limh =H(U,u,)=- & p(u)p(wlu)iogp(wlu).

h=H,=H(U,)=H(U,)
Both h. and H, are norrincreasing  function of L, converging to same limit H.
_ ® H(x})9
imh_ = H|. Also, [h £H, gH(Xn s
2

X £

ImH
¥

li =
L® L®¥

Proof. h £h_,.
h =H(U U EH(U U = H(U U2 =h

staionary

Proof |H (UlL) =4 h

k=1
Ly_ g c1) _ &
H(U)=aH (Ul Y)=an
k=1 k=1
Proof h £H,
L L H(US
HUS)=&nh3ah =Lh.So, h £ (Ll):HL.
k=1 k=1
Proof H £H ,
UL—l
Ho=SH(ur) e bl AU h_Loa L
L L L L-1 L L
L-1 H
ET T
L-1 L-1
LR e
H £H,

Proof I|m H, =limh

L® ¥

Fromh £H_, limH 2 limh .

L® ¥ L® ¥



LM 1 L1 LV L-1
o) Ko onr) Enenr)

H — - k=L - k=L
S N Y L+M L+M
L§Mh +H (U
L-1
£ k=L ) ' :(M +1)hL+H(U1 )
L+M L+M
Toke M® ¥ . limH,., £h
Take L® ¥ . limlimH_,, =limH_£limh_
L®¥ M® ¥ L® ¥ L® ¥

Entropy rate of stationary source {U, }

CH(U)
H({u)=H, =lim (Ll):lth(ULIUf*)-
So, for stationary source, the entropy H (UlL) grows (asymptotically) linearly with L at a
rate H .

For stationary Markov chain of order r, H, = H (U

r+l Ulr) =h,,;.

For stationary Markov chain of order 1, H, =H (U,JU,) =h, <H (U,) =H (U,).

Let {X;} beastationary Markov chain with stationary distribution o and transition
matrix P. Then, the entropy rateis H =- é_ R logP; .

ij

P =PrgNext state isj|Current stateisig = PrgX, = j| X, = ig.
u =Pr[X = i].
More than one communicating class: H, = § Pr[class]H (U,|U, class ).
The best achievable data compression.
Variable-length (VL) lossless sour ce codes

Stationary discrete memoryless?? source {U, } , finite alphabet U .

A variable-length D-ary source codesisamapping f : U ® {0,...,D- 3}’
binaryD =2
D = coding alphabet cardinality.

Def: f isuniquely decipherableif "M" N andany U =(U,,...,U,,), U%=(Ug...,Ug),
f(u)=f(ugp y=ut

(No two distinct source strings get mapped into same code string.



¢(u) islength of D-ary string f (u).

Def: ¢ = the mean code word length =E g (u)§=a p(u)¢(u).

ol u
Optimum = min ¢, uniquely decipherable.

Morse'sprinciple: To minimize 7, if p(u) =Pr[U, =u] issmal, make ¢(u) large, and
conversely.

Prefix code: no short code word is prefix of alonger one. P uniquely decipherable
Kraft Ineguality|(KI): § D™ £1
ol u

Property of alength set {Z(u),uT u}

(1) If {é(u),uT u} satisfying K1, then there exists a prefix code (hence, UD) with these
lengths.

(2) Every D-ary UD code has word lengths {Z(u),uT u} that satisfy K.

IKI b $ prefix (UD)|, |UD (including prefix) b K|

We are looking for a UD code with min ‘. Suppose we find one. Because it is UD, from (2),
it's length set satisfies KI. Then, (1) tells us that there exists a prefix code with exactly the

same length set and thus also minimize ¢ . So, (1) and (2) let us restrict search for optimal
code to prefix codes.

Proof (2)
Consider L-vector u = (u,u,,...,u, ).

f(u)=f (u)f (u,)--f (u). £(u)=du)+e(u,)+-+2(u).

A D (u) — 4D (Aw)r ofup)++(u)) _ 4D ()t . p-rl)
ul ut ul ut ul ut
= é é é D (up- ). p- )
wiauiu  ulu
= L
=ge6°1 Dl Sgeé D@9, geé Do) O 8 ()0
ewlu geu,l u g eulu 17} 8uT‘ll %)
(,jL
So,wehave § D' D'WT (%)
ul ut 8u|u ]

=min(u), £

= mJaxf(u).

A, = the number of ul U" suchthat ¢(u) =



Notethat L/, En£ L{ . The maximum is attained when every uxin u
correspondsto /... . The minimum is attained when every uxin u

Le
correspondsto .. . Also, § DW= § AD".

ul u- N=Llmin
UD impliesthat A £ D". (Thereareonly D" different code sequences of length

n. If A, > D", then there are at least two u which map to the same code
seguence.)

Ll L e L
é. D_((ﬂ): g A}anE g D'D "= g,lax 1:L€max_ um”+l

HT uL n:L(mm n :L/'min n:L[m'n

ELC
So, UD requires & D™ ELe . (*%).

ul ut

Combining (*) and (**), we have geé D'[(”)g ELC .,

ul U (4]

or equivalently,

1
a D' E (Lt )t. Thishesto betrue for al L.
ul U
1

Notethat (L/,,, )t isstrictly decreasing asL incresse. lim(L/ )

|~

=1.Thus,
1
(L, JE can get arbitrary closeto 1 from above. If § D' > 1, there will exist

ul u
1 1
Losuchthat § D) >(Le,, )t foral L >Lo. So,tohave § D™ £ (Lr,, )T,
ul u ul U
need § DV £1.
ul u

Proof (1) by induction

We will show that we can embed these K| satisfying word lengths as the terminal
nodes in a D-ary branching tree.

Note that putting a terminal node on level ¢ prunesaway D' nodesfrom level L
3 /.

Suppose each u such that ¢(u) £ /- 1 has been assigned a terminal node on level
¢(u) . Now, we want to assign terminal nodeson level ¢ toall u such that

¢(u) =¢. We then need there to be at least [{u: ¢ (u) = /}| nodeson level ¢ not
yet pruned away.



Originally, therewere D’ nodeson level ¢. Wehaveprunedaway & D"V
/(u)lff./-l

of them. So,weneed D' - & D["(“)3|{u:£(u):£}|.
Trick: fuse(u)=4|= & 1= § D"V,

So,need 13 § D',
(wjer
If {¢(u),ul U} satisfyingKI,then § D "™ £1, and therefore,

ul u
ADMWegldpWer,
/,(uu£/, ulu

For any UD D-ary code, and any distribution { p(u),ul u} ,

73 Hy ({ p(u)})=- ?_M p(u)log, p(u).

Proof. 7- Hy({ p(u)})
=4 p(u)/(u)+a p(u)logD p(u)=a p(u)(¢(u)+log, P(u))

-3 (00,0 10, p()) & ). )
—< np(u)o
(:)%(1_ D=0

(a) Code is UD; thus length set satisfies K.
Kip 73 H,({p})

(i =logp p;

Shannon-Fano codes: {E(u) =@ log, p(u)g=4(u)gul u} :



-lInp *

0 r r L r r r r I
0 01 02 03 04 05 06 07 08 09 1

This length assignment is possible because it satisfies K.

Proof. Because g log, p(u)g® - log, p(u)2 O, - & log, p(u)gE log, p(u), and
D & '°% Pl £ plogo P(Y)

ThUS, é D' (’(U) = é D-S' IOgD p(U)H £ é DlOQD p(u) = é p(u) :1
ul U

H, ({ p(u)}) £1g <1+H, ({ p(u)})
Proof. 1+ -log, p(u)2 & log, p(u)g? - log, p(u)
So, 1+ Eg log, p(u)g> Eg log, p(u)§® Eg log, p(u)gy-
Hence, 1+ H,, ({ p(u)}) > % 3 Ho ({p(u)})

If - log, p(u) isaninteger (D-adic) for al ul U, then 7 = HD({ p(u)})

| u
j1 011 1 1 1 1j
EX.forgenera| D,{p(U)}—}B,...,B,F ..... F ,,,,,, Dr D" Dny
I D-1times D- 1times D- 1times b
i_ 1
Proof (D-1)2 D™, 1_% 10, 1.,
roo ( ) i +Dn 8 Dnb+ Dn
D

H, ({ p(u)}) £7,, £ lg <1+ HD({ p(u)}) .
Block-to-variable length codes

Instead of f : U ® {0,...,D- 1} ,usef :«" ® {0,...,D - 1} with corresponding
{p(u).ul u}.

Super- letters.




Super letter source is still stationary.
Entropy rate per letter isthe same as that of original source (H)

Proof For original source, entropy rate per letter H =limH,_=lim

L®¥ L®¥ L

For the new one, entropy rate per super letter =

H(Us) | H ()
= lim——= = lim———=. Thus, entropy rate per |letter
ne ¥ n n® ¥ n

=lim (U ) M H(U“).

im . Note that sequence IS a subsequence of -
n n
H(u))

converges, the subsequence converge to the

super

Because the sequence

same limit.
2-L delay and extra complexity.

AsL ® ¥, ¢ ® H, thesource'sentropy rate.
_ E& logp(U)yge
Proof (= & (L)

L
_E@-logp(U)s_1+Eg logp(U)g
L L
=1+H(U1L)=1+H
L L

Note: Eg logp(U )g= H(UL) because the source is stationary.
IL|® m VE H, =H . And we aready know that treating a super letter as normal
_ H(US) 7 H(US
letter, H(U)£7,, <H(U})+1.So, ( l)£ W < ( l)+£,and
P L L L
_H{u)
¥ L

A,
thus lim—=2< = |j
L® ¥ L L®

Huffman code, D = 2.

=H.

Given { p,0EJEM - ]} . Want to build aminimum ¢ binary prefix code by assigning
_ M-1
lengths { ¢ ,0£ j £M - 1} that minimize 7= ¢,p; .

=|u|A$Jme p03 p13 ...3 pM-l'
Assume that we have optimal length described by {EJ,OE JEM - 1}

Let 7, bethelongest of the optimum ¢’s.



Least likely source symbol has ¢ =/ __, . (Morse. If not, switch its assignment with the
onethat has ¢, will give lower 7.)

Next-to- least likely source symbol should have ¢/ =/, also.
Suppose not. Assume the next-to-least likely source symbol has ¢/ </, .

Then, note that no other symbols can have ¢ =/ . It has larger probability than the
next-to-least likely symbol; so, it should not be assigned larger 7.

This means the least likely source symbol is the only one on the level 7. Thisis not
optimal because

in stead of

_______________

’ N
\ ’ N
N

Without loss of generdlity, let’s have code strings for these two letters identical through
level /max-1. (Then, one of them ends with O, the other with 1.) This means they are

assigned a common ancestor on level 7 - 1.
Then, define new alphabet set with [U¢=M - 1.
p¢=p for OLIEM - 3. p§., =Py, + Py.s-

-1 M-3

LeP = é. £\ Py +£max(pM-2+ pM—l)

k=0

~lI

1
< TI‘QJOZ
w o

egpwmax(pg.z):“gf?:i:ﬁscpsw(%.ﬁl)(ps;.z)

]
= Emo

-2

(¢pg+p§

o]

k

M-2
Because pg_, is constant, we then want to minimize 7¢= § ¢¢pg.
k=0

This can be accomplished by recursively applying the above argument.
D-ary Huffman code, D 3 2.
Full D-ary tree: one with D branches out of every internal node.

Full treehas D + k(D - 1) termina nodes for some nor negative integer k. So, if |u| is
not in that form, then can’t have full tree.

First full-fan has D terminal nodes. Growing from this fan, adding one full-fan takes
one terminal node off; so, net increase = D — 1.

Optimal code should have full tree except one of the top.
If any one at lower leve is not full, then can move one from the top down and reduce 7.



If there exists k such that || =D + k(D - 1), then, hang D least likely off common
ancestor and proceed iteratively asin binary.

If no such k exists, there is a non-full fan of the least likely letters' terminalson 7, . Let
N =sizeof thisfan. Then, 2EN £ D.

|{U|=D +k(D- 1) +N - 1 because we add one fan of N terminal nodes to afull tree. This
adds N terminal nodes but takes out 1 terminal node.
|U|=D+k(D-1)+N-1=(k+1)(D- 1) +1+N- 1
=(k+1)(D-1)+N
=(k+1)(D-1)+2+(N- 2)
Notethat O£ N - 2£ D - 2. Therefore, (N - 2)mod(D- 1) =N - 2.
So, (|U|- 2)mod(D- 1) =N - 2. S0, N =2+ (|Y|- 2)mod(D - 1).

Grab N = 2+(|u|- 2)mod(D- 1) least likely at first, thenaways D at a time.

ForD=3, N :.‘%.2’ even 1
13 odd |‘u|

Universal lossless coding
Borisfitingof
Discrete memoryless stationary source with alphabet U but unknown distribution
{p(u),uT u}
Encoding: Gather n-block, u =(u,...,u,). Compute empirical distribution
3 n(u
p(0) =" n(u)=fkeu, =u)]
Also need to send { b(u)} .Notethat 0£n(u) £n for every ul U. So, { f)(u)}
cannot assume more than (n+1)" values. So, take no more than gog2 (n +1)|u|g
binary digits to specify { p(u),ul u}.
€og, (n+1)"u

Thus, per source letter, use fewer than € U Asn® ¥, this® O.
n

Lempel-Ziv (LZ codes)
Arithmetic (Pasco, Rissanen, Langdon)



