Cantor set Cy
The Cantor et is
the subset of [0,1] of all numbers expressible in base 3 with digits0 and 2. b
(0aa,...),. aT{0.3.
what's |eft over after removal of a sequence of open subintervals of [0, 1]. The

algorithm is as follows: 1) Divide the remaining intervals each into three equal parts.
2) Remove the open middle interval. 3) Repeat 1).

countable intersection of finite unions of closed intervals.
closed (intersection of closed sets), nornrempty, perfect
Doesn’t contain any interval.

Has no isolated point.

Has the same cardindlity as R . (0.3, ...), %% (0hb,...),, b, :%T {03.

The Concept of Measure
Intervals
| denotes an interval (a,b) or [a,b], or (a,b] or [a,b), thenlengthof I = |I| = b-a
If a=-¥ orb=+¥, then |I| = +¥.
|1] is anonnegative extended real number.
Additivity: | =1, E1,, 1,C1,=/,then |I| =|1,|E|l,].
Finite additivity of length: If interval | =lei isadisjoint unionof intervals, then
=
i1=&ln.
i=1
Proof. Induction. Observe that it is possible to remove one of the intervals Ik (say the one

containing an endpoint or a neighborhood of an endpoint if | isopen) so that the union of
the remaining intervalsis still an interval.

Subadditivity: interval | i Lnjli p |||£én||i|.
i=1 i=1

Proof. Shirk 1, to 1 ¢ sothat | isthe dijoint union | = Ji1g.

i=1

Monotonicity: 11 Jb [I|£]J].



¥
Countable additivity / s-additivity: If interval | :UIi isadigoint union of intervals, then

i=1
3
=aful-
i=1
If one sideis+¥, then so is the other.

¥

a |1,| canbe +¥ either because one of the summands is +¥ or because the series
i=1

diverges.

1) Proof for finite |1]. “3 "Consider LnJIii | . Rearrange (1,)=(1¢) sothat ¢, lies

i=1

tothe left of 1. J;'sfill the gaps. Dioint 1&'s J’s. 1 =g |1+ 13,/
=1 i=1

| 3 é Ij|.Letn® ¥. (limit exists because bounded and monotone increasing) “£”
el
" >0, compact 1¢=$a+S b- EYj |.[1¢=1-e.open
’ £ 24
& e N ¥ ¥
'Fzga' 22], ._EI | q || |+ 1 |:ig|i| iL:Jllittopencover.

Heine-Borel theorem b $N | ¢ Uliap ||¢£§||i¢_ |- e= ||¢£g|li¢
=1 i=1 i=1

AT [+ S0e AT+ 2024

maglltargeagltas=alle

2) Proof for |I| =+¥ . | G[N,N] =D(|ic;[N,N]).Bycase1),

result isfinite interval i=1 dsaint
isioin
¥ ¥
L C[N,N]|:L:Jl|li(;[N,N]|£L:Jl|li|. |Ni£|| CIN,N] =]t =+¥.

. X
LU e ieal
j=1 j=1

¥

Proof. Construct disjoint interval | ¢ by reducing I, U :U|¢ I-U(Iﬂ:(;l).
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Proof. Let c:?§|lj|:| i D|Jg3 1|7 C because | | | E A£E &EE . “£”
Ti= j=1

¥ ¥
Lt U e [I|£&]1]- so. |1 isalower bound of C.
i=1 j=1

J
1

s-field

Let X be aset (universal), and ¥ isafamily of subsets of X. # iscalled afield (or algebra of
sets) provided that

1) A g
2) Al §b °Al §.
3) ABI
P ABI

Proof. AG B="(°AE °B)
P ABI b A\BI ¢

Proof. A\B=AC °B.

A field forms a Boolean algebra under the operation A+ B= ADB=(A\B)E (B\ A)
and AxB = AC B.
Ex. Set of all subsets of X.

Ex. X = any fixed interval of R . & ={finite unions of intervals contained in X} .

A fidd & (on X) is called as -field provided that if A, Ay, ... isasequence of setsin &, then
¥
UA

=1

—_—)
]

= ﬁAij;.

j=1

¥ ¢ o
Proof. ﬂlA‘ = E@UCA‘. =

ei=1
Ex. Set of all subsets of X.
Let § beafield. & =thes-field generated by & isthe intersection of al s-field containing

F= ()] 9.

gisas - fidd
Flg

Isas-field
Proof. Let A, B,A,A....T & ,then A B,AA... every g. All giss-fidd; thus, 1) A&

¥
inevery g.2) A dsoinevery g.3) AE B dsoinevery g. 4) UA‘. adsoinevery g.

j=1



Isthe smallest s-field containing .
If #isas-fiddand 1 J€,then 1 €.

Proof. € isone of theg’s.
Letinterva X1 R. B, =s-field generated by the field of finite unions of subintervals of X.
Cadl 38, thes-field of Borel subsets of X or s-field of Borel setson X.
Cal st BT 8B, Borel set.

Isthe smallest s-field containing finite unions of subintervals of X.
G, st is acountable intersection of open sets

Ex. open sets, intervals, countable intersection of countable union of open sets.
Q isnot G, .
G, isnot afield; thus, not as-field.

Measure

Let F beas-fieldand m: F® [0,¥]. miscaled a measure provided that
1) m(A&) =0

¥
2) s-additivity: if A=|JA, with A digoint, then |A -3 A
j=1

j=1

Finite additivity: if AZOAJ with A, digoint, then |A =4 A
1

j=1 =
Proof. From s -additivity, let A=A "j3 n+1.
Members of & is called measurable sets
Monotonicity: A BT , Al B b |A£|B.
Proof. |B| =|A|+|B\ Al.
30

Continuity from below: If AT AT Al --- isanincreasing sequence of measurable sets
¥
and, then JL:JlA‘. :|13®r9|A]|

¥ n
Proof. Let A=A, B =A,and B =A\A_,.Then B 'saredigoint. A =| JB b
=1

i=1

n ¥ ¥
|Al=aB.A={JBP|A=aB.
i=1 i=1 i=1



Conditional continuity from above. If B E BZ E B, E --- isadecreasing sequence of

ﬂB

=1

measurable sets, and |B| arefinite " i, then —I|m|B.|.

j®¥

Let B:ﬁB, .Then |B| isfinite because B1 B.

i
i=1

Ex. B,=(n,¥). Then ﬁB = /. lim|B,[=+¥ .

i=1 |
¥
Proof. Let A, =B, \B,,,. Then1) B =BE [ JA , digoint union p |Bl|:|B|+§ A .8
=1 j=1
n-1
is finite (|B|- |B| isnot ¥ - ¥); o0, |B- | -8 |A|.2) B =8, EJ|A]. disoint
i=1 i=1

unionp |B| :|Bn|+né-l|Ai|. |B,| finite; so, [B|- |B,| :rg|A‘.|. From 1) and 2),
j=1

(8- [5.)<4 [A|<l8) - &

Subadditivity: If Ay, ..., Ay are measurable sets, not necessarily digoint, then UA £a |A|
i=1
Proof. Let By = A1 B :A\UAﬁ . Then, B'saredigoint, | JA = JB.,and BT A.
j=1 i=1 i=1
Thus, =alBl£alAl
i=1 i=1 i=1
s -subadditivity: If Az, Az, ... iSasequence of measurable sets, not necessarily digoint, then
¥ ¥
UA[£a Al
i=1 i=1
¥ ¥
Proof. Let B; = As. B :A\UA‘ Then, B'saredigoint, | JA = JB.,and BT A.
i=1 i=1

-4 18|24 |A|
i=1 i=1

If BI OA,then |B|£én_|A|.
i=1 i=1
Proof. By monotonicity, and subadditivity.
¥ ¥
It BI JA . then |B|£ 4 |A|.
i=1 i=1

Proof. By monotonicity, and s -subadditivity.



¥

UB,‘=O.

i=1

If By, By, ... isasequence of measurable sets, and " i |[B|=0. Then,

Proof. By s-subadditivity.
Outer reqularity: Let BbeaBorel set. Then, |B| =inf{|A|:B1 A, Aopen}.

Inner reqularity: Let B be aBorel set. Then, |B| =sup{|F|: F 1 B, F closed}.

L ebesgue measure
Lebesgue measureon R: m: B, ® [0,+¥]. Bl 8, .
<y y
m(B) =inf {&[1, BI 1,1, intervalsy.
Ti= i=1 aﬁ
|s a measure.
18 _— o i
m(B) =inf (g |1, BI JI,.1, disjoint interva
Ti= =1 5%
Outer regularity of the Lebesgue measure: Let BT 8, , then
m(B)=inf{|A:B1 A Aopen}.
Let BT 8B, ,assume m(B)<¥.Then, $Al G, suchthat Al B and m(A\B)=0
(m(A)=m(B)).
M easurable function

Let (X,%,m) beameasure space.

% isas fidd on X.
Notethat £l F b X1 &.

Let M ={Si R:fY(S)T & } then M isas fiddon R.

Proof. 1)  isafidd; hence, &l . /&l R and f (&) =4l F;hence, Al M.?2)
Let ST #.Then £7(S)T #. £7(R\S)=X\{"(S). & isafield; hence

[¥:2

fHR\S)T F.Thus R\ST M. 3 Let §,S,,..T M, T aUs =(Jr(s). Fisa
|:1 (4] |l%f_’

1 ¥

s fidld: hence, f-lgjsﬁ F.ad | JST M.
i= 9 i=1

Let f: X ® R, thenf is measurable
° Def: "Bl B, f(B)l &.
° 1)"11 Rinterva f (1) &



0o

0o

f,

2)" 11 R oftheform (a¥) (1)1
3)"al R {xT X;f(x)>a}T g
Proof 1) “b ” Trivial because " 11 R 1T $B,.“0 ” Wehavetheset J =

{finite unions of intervalsin R} I . Notethat 8B, isthe smallest s fieldon R that
contains . M isas fieldon R ; hence B, 1 M.

Proof 2) “p ” trivial because (a,¥ ) isaninterval. “U "We havetheset g0 =
{finite unions of intervals of theform (a,¥ )in R} €. M isas fieldon R ; hence M
contains R\(a,¥) =(-¥,a], (a.¥)\(b,¥)=(ab], ﬂga = ¥ —[a ¥) ec.
"a,bl R.(We can get any kind of intervals from elementary set operatlons of sets of the
form (a¥).)
f.: X® R, then
fHR\S) =X\ f(S).
Proof. xI f*(R\S)U f(x)I R\SU f(x)T SO xI f*(S)
U xT X\ f7(S).

faUS Uf

i:1 g i=1
Proof. 1) xT f- "’Us °p f( Usp $i, f(x)1 5, P xT fis)p
2
x1 Df'l(s,).z) x1 Df' (S) P $i,xi f‘l(go)p f(x)1s, P f( OS
P xI f'la‘fUS?.
8i:1 1%}

Proof. x1 (gof)'l(A)o a(f ()T AD F(x)T g*(A) O xT (g™ (A).

¥

[XT X isupf, >a} = {x1 x: f,(x)>a}

k=1

Proof. “E” x1 O{Xl X:f (x)>a}p $k, f, (x)>a.But supf,(x)3 f, ().

k=1

Hence, sup f,(x) > a, and therefore, x1 =XT X sup f, > a} 17 Let



x1 [xT X :sup f, >a}.A$ume "kT N, f_ () £a.Then supf,(x)£a b
contradiction.

Let (R, B, ,m) be a measure space, and g:R® R continuous. Then g is measurable.

Proof. We know that the inverse image of open setisopen. " al R (a,¥) isopen;
hence, g *((a,¥)) isopen. g™*((a,¥)) isin 8 because, by structure theorem,
g *((a¥)) is a(digoint) union of a most countable number of open intervals.

Let (X,%,m) beameasure space, then f(x)° c, cl R ismeasurable,
asc -
Proof. F, ={x1 X : f( a}_ .Both £ X1 &
a<c

Let (X, 9) beameawrablespaceand f:X ® R messurable. Also, let (R, %, ) bea

measure space, and g: R ® R measurable, then h(x)=gof (x)=g(f(x)): X ® R is
measurable.

Proof. H, =h*((a¥))=f"*(g*((a¥))). Because g is measurable, g™*((a,¥))1 B..
Also, because f is measurable, " BT 8, f*(B)T &.
Let (X,¥) beameasurable space, and f,g: X ® R be measurable functions. Then
) h(x)=f(x)+g(x):X® R ismeasurable.
Proof. H, = JR,CG,,."abl R F,G,, T #. % isas field; hence,
b Q
H,=|JR CG,,T 7.
1) f2|f|, cf for cT R are measurable.

Proof. x, |x|, cx are continuous function.

HyIf " xi X f(x)*0,then h(x) = f (1x) is measurable.
Proof. For a > 0, we have
- T - 1 i
H,={xl X:h(x)>a :}xl X: > ay
{ } f(x) I\;

T
=Ixi X f(x)>0,f(x)<g%E}xT X : f(x)<0,f(x a%

a1 ez ooO
ng ((-¥.0)C seo ¥

o
Similarly, for a < 0, we have



Ha:%xTX f(x)>0,f(x)>£gEi;xTX f (%) <0, (x a%
& 000 . e 1660
=& -1(0y)) ¥oECT((-¥.0 fra28y 2007
¢ (0¥))c S o & '((-¥.0)c € ann
Fora=0,wehave H_ —} X: ! >Oy {xl X : f()>0}:f'1((0,¥)).
i L CYI

Because for any interval I, f (1)1 & and & isas field, we have H,T & sinceitis
aunion and/or intersection of setsin &
IV)If a,bl R,then af +bg: X ® R is measurable.
Proof. af ,bg are measurable. Thus, af +bg is measurable.
V) f-g:X® R ismeasurable.
Proof. From (1V), leta=1,b=-1.
VI) fxg: X ® R ismeasurable

Proof. f xg = ((f +g)*- (f - g)z).From(I) and (V) wehave f +g and f - g

measurable. By (1), we have (f + g)2 and (f - g)2 measurable. By V) we have

(f+g) - (f- g).By(l),wefinaly have %((f +g)- (f - g)z) measurable,
VI If "xT X g(x) 0,then f/g:X ® R is measurable.

Proof. Because " xI X g(x)* 0, from (I1), ﬁx) is measurable. Because f(x) and

L are measurable, form (VI1), we conclude that f (x)i is measurable.
a(x) a(x)
Vi) max(f,g): X ® R is measurable
f tg, f-g|
2 2 |
preserved under addition, subtraction, | x|, and scalar scaling, we conclude that
f+g . f- g
2 2 |
e h(x)=f(x)+g(x): X® R, F, ={xI X:f (x)>a}, G,={xI X:g(x)>a},
H,={xI X:h(x)>a} ={xI X :f (x)+g(x)>a} ,then H,=| JR, CG,,.
b o

Proof. First, note that max ( f,g) = . Because measurability is

is measurable.

Proof. We want to show that | JF. CG, .= JR CG,,.“E"xI [ JR,CG,, P
bl

c R bl Q

$h,1 Q f(x)>h, andg(x)>a- b, P h(x)=f(x)+g(x)>b,+a-k =a b xI H,.



“I "Let xI H,.Notethat because Q isdensein R and f (x)T R, $ sequence (h,)
monotonically increasing, limb, = f(x).Because b, < f(x), xI F, . Then $n, such
that xI G,_,, -
Otherwise, we have " n g(x) £ a- b,. Teke n® ¥ andwehave g(x)£a- f(x)
which implies h(x) = g(x)+ f(x) £ awhich contradict the assumption that xT H,.
Hence, xI F, CG,, 1 |JR CG.,.
b0

Let (X,¥) beameasurable spaceand " nl N f : X ® R measurable. Then
sup f, is measurable

Proof. [xT X :sup f. >a] :O{XT X : £ (x)>a}

inf f, ismeasurable

limsup f, is measurable

Proof. limsup f. = inf g%up fk(x)g. sup f, (x)’s are measurable.
n k3n @ k3n
liminf f, is measurable

If f, converges pointwise to some function, then I|®r9 f, 1s measurable.
Proof. " x lim f.(x) =limsup f, (x) =liminf f, (x) .
. i, xIl E .
Let (X,¥) beameasurable space, E1 X . Then CE(X):l’o S E isthe characteristic
| Y%

functionof E.
Cc ismeasurable iff E is measurable (ET ).

Proof. “b " {1} =[111 B, . c. ismessurable. Thus, ¢ *({})T #. ¢ *({})=E.

1 a1
“() nC-l((a,¥)):%x, a<0 . Andweknow that &, X,ET &.
lE, 0fa<1

Let (X,¥) beameasurable space. f: X ® R isasimplefunction

N
° (Def) f=Q gc. where E1 X, T ¢, anddigoint, 3 * 0.

i=1

Class of simple functions = Class of measurable function that take finitely many values



Proof. “I * f(x)= 0. xi LNJEi SET T X ()T {waw)

N
Assumethat v;’saredistinct. Then f = § v.c
i=1

) Notethat {v} =[v,,v]T B, .f

I B, g

0. . 0
is measurable; hence, f'lgvi}il F . Because v, 'sare distinct, f'lgvi}i’sare
I B, @

digoint.
P fismeasurable.
N
Proof. ET § b c. measurableb f =3 ac, messurable.
i=1
Not require g’ s to be distinct.
f does not have a unique representation.
Let f: X ® R measurable, f 2 0. Then $s,: X ® R s, 3 0 simple function such that
s,/ f (s, converges pointwise to f in @ monotonic increasing manner.)

201K
X)=a —c¢ 0T 2'C g
s(%) kazo A (e ¥)

eeZn’ 2" gy

Let f:X ® R measurable, then $s,: X ® R simple function such that " xT X
5(x)® f(x).

f (x) =max( f,0) - max(- f,0)

f* fr

fr,f 30
of dm for simple functions
Let (X,%,m) beameasure space, f: X ® R isasimple function. Then
ﬁMF%aWE)
Ofdm does not depend on the representation.

N M
f=aac,=ahc, EI X,T # anddigoint, F1 X,I #, anddigoint, a.,h* 0

i=1 R i=1 y
b C)fdm:%lam(ﬁ) :Jazlbjm(Fj).

Letf,g: X® R,dmple, f 3 g3 0,then gfdm?® cgdm




Let (X,¥) beameasurable space. f: X ® R isasimple function Then,
| f| isasimple function.
N
Proof. f =g ac, where E1 X, 1 #,anddigoint, a * 0. Let g =|f|.
i=1
N
Then, g canbewrittenas g = § hc, where b =a|. a1 Ob b =|a|* 0. Als,

i=1
wedready have E 1 X, 1 , and digoint because f is a simple function.

(‘)fdn"<£6f|dm

Proct. 1 =8 ace b ofdm=4 an(s ). ad |f|=4alc. P f|dm=
=1

i=1 i

|a1| ( ) By triangle inequality,

m(E )20, [am(E)|=|a|m(E).

aa,rT(E ‘£a|a,m )| - Also, because

of dm
L ebesgue approximatesums: Let f : X ® R measurable, f 3 0, partition
16 16é1 206 &, 0
9 :"‘0,—+,"—,—+ ..... A — 2” ¥ Th
e e L )% -
1k 88 agg k k+10000
L 2 & +2"m| ¥
( ) ka rrg Q%Z n ﬂg IT( 82 )
21 . _
L(f.2)= ¢p,dmwhere s,(X) = ka:‘ogcfl%'kz_:lg;z Cf-l(gzn,¥)) smple, 3 0.
s,/ f.
ek k+10 n- — ANN
Let I, Szn,?afork—o, L 271, =27 ¥ ). Then
(x)=ainf(l)c, ..,
k=0
L(,2)=&int (1,)m m( (1))
k=0
k
|nf(|k):?




Ofdm=limL(f,5)1 [0.¥]

) PR
lim L(f,%) exists (allow +¥)

Proof. L(f,#)=¢p,dm.Because s,/ f ,and s, 3 0, wehave ¢pdmE ¢g,,,dm.

Thus, the sequence (dshd m) _ isamonotone increasing sequence of real number.

Let f: X ® R simplef 3 0. Then, limL(f,%)=¢f dm.

Let f :é ac. where E1 X, T #, anddigoint, a >0, then

i=1

limL(f,%)=¢fdm= aqm(E)

n® ¥

Letf, g : X ® R measurable, " xI X O£ f £g,then
22n 22n
For s (x)=Q inf (1) ) §9(x) = g inf (L)€, wehave " xT X
k=0

. k=0
007 409
Proof. Consider any x1 X.Then $k, f(x)T 1, P sﬂf)(x):inf(lko),and $k,
g()7 1, P s¥(x)=inf (1, ). Because f £g, k, £k P inf(lk0)£inf(lk1).
Hence, st (x) =inf (1, ) £inf (1, ) =9 (x).

ofdmE cgdm.
Proof. "xT X 0£s,(x)£59(x) b L(f,2)=¢5"dmE gdm=1L(g,2).
Takelimn® ¥.

Letfi: X ® R measurable, O£ f, £1, £---
Let g: X ® R simplefunction, " xT X lim f,(x)2 g(x)2 0, then limof, dm? Ggdm.

k® ¥

Let " xT X limf,(x)2 bcy, b>0, BI #,then limf,dm?® bm(B).

Themonotone convergencetheorem: Let O£ f, £f, £---, f, : X ® R measurable,
"xT X limf,(x)=f(x) (f, /" f pointwise), then |im&f,dm= Bfdm

Proof. Because f,’'saremeasurable, f = lim f, ismeasurable. 1) limf, dm£E ofdm:
k® ¥ k® ¥

Because f,, f measurable, " x1 X O£ f, £ f , wehave Of [dm£ gfdm. Take lim ask




® ¥.2) limofdm? gfdm: s, f ;50 limf, (x) = f(x)2 5,(x) P
limofdm? ¢pdm=L(f.%). Takelimen® ¥.



