Review
(Ut xv+y)=(uv) +(xv) +{u.y) +(x.y)

Caution! {u,v)+(x,y)* {u+x,v+y) ingeneral.

Let Abean m' nmatrix. xT R" yT R™. (Ax,y)=y"Ax=3 & AXY, -

r=1c=1

Let f,g: W® R"™. Wi R". h(x)=(f(x)g (x)):W® R.Then
dh(x)= (1 (X)) dg(x)+ (g (x))" o ().
Proof. h(x) =(f (x).a (x)) =(f (x))" g(x) =& ,(x)a.(x).

=

n(x) =4 1, (x)dg,(x)+ 8, (o, (x) = (1 ()" do(x)+ (a(x)" df (x).

[y

An n.f(x)=({Axx). Then df (x)=(AX)" 1 +X A=x"A" + X" A.

If Aissymmetric, then df (x) = 2x" A. So, %(Axx) =2(Ax),.
X]

Second Derivativesfor f :D® R

Def: Let f:D® R™with Di R" bedifferentiable. If df : D® R™ " isdifferentiable at y,
theits differential d(df )(y) (if it exists) is called the second derivative, denotedd? f( y).

(m §"n
If m=1,then d”f(y) isan n" n matrix called the Hessian of f at y.
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Def: If f isdifferentiable and — hasapartial derivative —¢—+ atapomt y, we say the
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Can be defined independent of the existence of d*f , aslong as Al exigsina

X
neighborhood of y.
If f:D® R with DI R" has asecond derivative at a point y, then all second-order partial
derivatives exist at y and the Hessian d* f('y) matrix is (d*f) = ﬂ112f .
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daf = Q +. (Infact, itisn” 1 (arow vector), but here, we treat it as a (column) vector in
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Let f:D® R be continuous together with all partial derivatives of order one and two. Then

2 2
(dzf)‘ S . :(dzf)_ " j" k; hence, the Hessian matrix is symmetric.
XM TXIX ¥

Mean value theorem: Regard g(x) as h(x,), afunction of x, aone, with the other
variables held fixed. If h(xk) is continuous on [0,t] and differentiable at every point in

the interior. Then, $t, O<t1<t D, 9(x)= 1?9(X+tleK)
X
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"t"s$t$g 0<t <t, 0<s<s, 1DteKDS,ef() ﬂﬂ; (x+tg +sg)
XX,
J

Proof. Let h(x) =D, f(x)=f(x+se)- f(x) differenticble, and
H (t) =h(x+te) differentiable. Then,

=D, D, 1(x)= 2D h(x) = <(h(x+1g)- h(x)) =—(H(1)- H(o)).
By the mean value theorem, $t, 0<t, <t H(t)- H(0) =tH{t).B

i) =P ) ) (g +ey)- (erte)

®0 | 1®0 | ﬂxk(X+th‘)




Thus, — 1 DteK D, f(x )—E%T—h(xﬂlq). Note that by the mean value theorem, $s
S %

0<s<s ﬂ—h( )
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X —ﬂTﬂ—Xk(x+ sle) Therefore,

J-(c+sg)- I-(q =1
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12 f and 1°f
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Still works if only one of the mixed second partial derivatives is continuous.
The difference operator D,: D, f (x) = f (x+u)- f(x).
D,D,f(x)=DD,f (x)=f(x+u+v)- f(x+v)- f(x+u)+f(x).

(x+tg +se).

, we have their equality.

Takelimitass, t ® 0, by the continuity of

Higher Derivatives

Def: A function is said to be of class C* if all partial derivatives of orders up to k exist and
are continuous.

b full derivatives upto order k exist and are continuous.
Def: fis C¥ if f isin C* for dl finite k.
Notation: Assume f is CFl. a =(a,,a,,...,a,) iscaled amulti-index, each a, being anon

. Al o 29 o &ﬂ 0’ Sl | 0" )
negative integer; c—= f = Co —=+ f;and ja|=a, +a,+...+a, isthe
> > o gﬂ)‘w) &1% g gﬂxnﬂ Bl =a,+a;
order of the partial derivatives.

a+b
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Quadratic form Q, (u)={Au,u)

f.

Def: A guadratic formon R" isafunction of the form (Au,u> where A isa symmetric
n" n matrix. Denote thisby Q, (u).
It issaid to be

non-negative definite if (Au,u)3 0 " ul R"

positive definite if (Au,u)>0 " ul R"\{0}

non-positive definite if (Au,u)£0" ul R"




negative definite if (Au,u)<0 " ul R"\{0}

= a A,uu, =(u, Au). (Not require symmetry of A)

iscontinuouson R".

Proof. (Ax,x)=a & A, %X -

k=1i=1

attains its minimum and maximum on compact set |u| =1. b critica point.

dQ,(x) =2xA=2(Ax)".

1 J 2y S
" (Ax)=a Ax+a Ax . = 28 A =2(AX), .
i i=1 k=1 k=1

Symmetric A
J

Def: An eilgenvector u for amatrix A with eigenvalue |l isa non zero solution of Au=1 u.
So, eigenvectors are nonzero.

A quadratic form (Au,u) is positive definite
Equivalent statements (iff)

1) Def: (Au,uy>0 "ul R"\{0}.

2) (Au,u)>0 " u inthe unit sphere |u| =1.

3) $e>0 suchthat (Au,u)3 e|u’ "ul R".

4) All eigenvalues of A are positive.

Properties (implication)

a) Maindiagonal entries are positive.

b) $c>0 suchthat if Bissymmetricand |A- B< c,then Q, is positive definite.

Proof 2). “p ” dl uin the unit sphereisasoin R"\{0} . “U ” For any nonzero v, have
VARY,

{Av,v) =|\/|2<A—,—> >0.
V['M

Proof 3) “U " Because e >0, and |u|’ 3 0 with equality iff u=0, (Au,u)3 e|u" 3 0 with
equality iff u=0. “P ” By continuity of {Au,u) oncompact set |u|=1, (Au,u) attains




minimume; > 0 because anywhere on the sphere, (Au,u> > 0. For general nonzerov,

<AM M>3e>o.

Proof a) Let x=¢ 1 0. Then (Ax,x) = A, >0. Converseis not ture.

Positive definite matrices form an open set in the space of symmetric matrices.
If (Au,u) is positive definite, then

sois (Bu,u) for all symmetric matrices B sufficiently closeto A.
$c>0 such that if Bissymmetricand |A- B < c, then Q, is positive definite.
Proof b). - ((B- A)u,u>£|<(B- A)u,u>| £|(B- A)ullu|£|B- Alu[". Therefore,
(Bu,u) =(Au,u)+((B- AJu,u)2elu- |B- Al|lu°=(e- |B- Al)ju|. Choose
B- A=
For aC? function f, if d®f('y) is positive definite, then $d suchthat " x |x- y|<d b
d’ f(x) is positive definite.
Proof. $¢>0 such that if |d2f(x)- dzf(y)|<c,then d? f(x) is positive definite.
By continuity of d’f aty, "¢ $d suchthat [x- y|<d P |d2f(x)- dzf(y)|<
non-negative definiteif (Au,u)3 0 "ul R"° all eigenvalues are norrnegative.
positive definiteif (Au,u)>0 " ul R"\{0} ° al eigenvalues are positive,
non-positive definite if (Au,u)£0" uT R" © al eigenvalues are non-positive.

negative definiteif (Au,u)<0 " ul R"\{0} © al eigenvalues are negative.

Proof. By spectral theorem, x = én‘ <x,u“)>u(” , <u“),u(")> =d(j,k).

j=1

=& 1, (xuy al t2>0"£100 |, >0"].

j=1

Maximum and minimum of f:D® R with DI R"

Let f:D® R for DI R", and let y be apoint in the interior of D.




If f assumes its maximum or minimum value at y and f is differentiable at y, then

N aeff 6
df (y) =Nf (y)=0 ¢oo-(v)=0" k=1....n-.
e X 2

Proof. Let g(t)= f(y+tej).By chainrule, g40) existsand = df (y+0ej)ej

_ I
LetgbeC% If gqt,)=0 and g&t)>0"tO<|t- t,|<e, then "t O<|t- ;| <e,
9(t)>9(t).

Proof. Consider t, t, <t <e +t,. Then, from MVT, $t$t, t, <t,<t < t<e +t,,

(y) . Because g(t) attainsitsmax or minatt =0, g§0) = 0.

0(0)- o(t)= 048)( - ) =§ott) - 991t 1 =09)(1- s 4)>0

>0 >0
f:D® R beC*withopen DI R".Let g(t) = f(y+tu), then
dg(t) = df (y+ tu)u=u"(df (y+tu))T
I'n

d’g(t) = qu(df(y+tu))T =u'df f(y+tu)u= <d2f(y+tu)u,u>.

g(t)=f(y+tu) b d?g(t) :<d2 f(y+tu)u,u> :

Def: Let f:D® R™ withopen DI R".yT D, and df (y) exists. yiscalled acritical
paint (of f on D) if df (y)=0,;,.

i . 0
Let f:D® R beC?withopen Di R".Lety] D beacritical point gT—f(y):o,"Ji.
X] @

1) Ifyisalocal minimum E ($d >0" x1 By (y)f (x)2 f(y)),then d*f(y) isnon-
negative definite (<d2f (y)uu)s 0" u).

2) Ifyisaloca maximum G, then d*f(y) is nonpositive definite.

3) If d*f(y) ispositive definite, then y isastrict local minimum,

4) If d*f(y) isnegative definite, then y is a strict local maximum.

Let g(t)= f(y+tu),then g¢0) =0.




Proof1). "u 0, consider g(t) = f(y+tu), [t| <|%|. Because y has loca min at y, g has

local min at 0, and thus, g®(0) * 0. Because g¢{0) :<d2f b u ,u>, d*f(y) isnon
negative definite.
Proof 3). First, note that $d suchthat " x |x- y|<d P d*f(x) is positive definite.
Consider any x * yinthisball. Then, $u |u|=1$t,1 (0,d) suchthat x=y +tyu. Let
g(t)=f(y+tu). So,wehave "t [t <d ge(t)=(df(y+tu)u,u)>0. Thus
f(x)=9(t)>9(0)= f(y).
Note: If limitto g(t) = f (y+tu) for any nonzero direction u . Then, have g§{0) =0
and g¥0) >0, which implies $e, >0 0<|t| <e, P g(t)>g(0). But

gU{ y+tu:0< |t| < eu} 9 does not necessarily constitute a neighborhood of y. Need
2

u

inf {e,} >0.
Eigenvalue of matrix A are the roots of the characteristics polynomial p(l ) =det(l I - A).
i i
p(1)=0(1 -1,)=0al * witha,=1.
j=1 k=1
If 1, >0 "] thenthesignsof a aternate.
If 1. <0 "jthena >0"k.

J

Alissymmetric
o A=A

o TRy (A9)=(%A)
Proof. “b * (AX,y)=X'A"y,and (X, Ay)=X'Ay.“U " Let x=¢,,and y =g, then
(%, A¥)= Ay, and (AX,¥)=(AT) =A,.
{AX,y) :60; <y,u(i)><x,u(i)>l i

i=1

P (Spectral Theorem) there exists a complete set of eigenvectors:

$ an orthonormal basis u®,...,.u®™ of R™ with Au™ =1 ul.

() (O\on(i il T
<u1,u >—d(|,j)—%0, i

wot mn L9 M\, (i)
x|l R x—ia:_l<x,u >u
(0]

A is diagonalizable by an orthogonal matrix.



P (AXy)= a<yu ><x,u(‘)>|i.

i=1

Proof
LA [ u\y® & [y oD\ \= & 2 (i) O\ ag®) ()
(Ax.y) <A§1<X'U >U ,Ja=1<y,U'>U'> iazlja:.1<y,uj><x,u ><Au ,u‘>
= é él<y'u(j)><x’u0)><l iu(i)’u(i)> - ia‘:l él<y’u(j)><x’“(i)>l | <u(i),u(j)>
:§<y,uo)><xu(i>>|“

1
iy

P If uisan eigenvector of A, then " x (x,u)=0P (Axu)=0. (xT u’ b Axi u“).
Proof. {Ax,u)=x"A'u=x"Au=x (lu)=I x'u=0.
P AisNondegenerate ( x 1 03y * 0suchthat (Ax,y)? O) iff all the eigenvalues of A are

non-zero

Proof. “P " Foreachj,let x=ul). $yT R"\{0} such that
(Ax,y) = a<yu >< (‘)>Ii1 0. Because<x,u(i)>:<u“),u(i)>:d(i,j),wethen

have ( Ax,y) =I j<y,u( >>1 0, whichimplies I, 1 0.“0" " x* 0 $jT {1...,n} such

| 0\ = - _ 2 [yl =
that <x,u(‘)>1 0. (Otherwise" j <x,u(')>—0 would imply x jé:‘l<x,u ) >u’ 0)

Let y=u". Then {Ax, y):én< G) u(i)><x,u(i)>li :<x,u(j)>l 0.
i=1 TTE‘
Rayleigh quotient: R(x) = <<AXX’X);> R"\{O}® R.
R(cx) = R(x) . Therefore, R(x g”X"—for xt 0.
2

Letx® 0in R" beacritical point for R(x):%fhenx is an eigenvector for A,

with the corresponding eigenvalue = R(X).



1 T2
Proof. E( ):|X ﬂT(AX o X>ﬂxj|X| =|X|22(Ax)j ~{Ax 2 . So, for
T, [’ X’
critical point x, $—:(x) =0 implies (Ax)l :<£(XX);> "j.Thus, Ax—<<x X>>x.

Attains its maximum value when X is an eigenvector corresponding to the largest
eigenvalue.

&yl-'-tul(._j
g(t)=f(y+tw)=f% i :R® R.
Sy, +tu,5
& If
0t) = & o (y+ut)y,.
= 1%

)

§ & 9Pf 2 _
g¥(t) = ,a—'lkaz'lﬂxkﬂx](erUt)ukuj —<d f(y+ut)u,u>—def(ywt)(u).

Forn=2,m=1,ie f(xy), C First find xo where :_[[—(XO Yo) = E (%, Yo) =0. Then, find
e’ f ﬂ”u
€qv2
:‘i—‘ﬂx ‘ﬂy‘ﬂx U(x,y,). 1, and | , bethe eigenvalues of H. Then,
. “
el
0y Ty
det(H) =1,
cuo
Proof. detg?l Sa E——I - (a+b)l +(ab— cz)=0.
e eC Ug — [\ —

RO o
Ifdet(H) <0, then (X, Y,) isasaddle point (neither local min nor max).
Because | ,,1 , don’t have the same sign.
If det(H)>0,then (x,,Y,) isastrict local min or max.
Because | ,,1 , either both positive or both negative.
In addition, if entries on diagonal >0, then (x,, y,) isastrict local min
In addition, if entries on diagonal < 0, then (X,, Y, ) isastrict local min

Note: the sign of al entries on diagonal will be the same.
Hard to decide when det(H) =0.



If f(xy)=g(x)+h(y), thenif xo isastrict local min of g(x) andyo isastrict local
minof h(y),then (x,, Y,) isaloca min of f(xy).



