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Probability and Random Signals
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Unit-impulse function d or Dirac d function

dx) = %u (x)

U(x) = ¢ (t)dt

Ou(t)d (t- a)dt = g(a)
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Lebniz sRule

%gof (x, 2)ex = bitz) xt (b(2). 2)- a€2)f (a(z), 2) + (0)% f(x, 2)ix

(2) ] a(2)

SET

(with the major exception of the sample space)
an unordered collection of distinct elementsmembers

Function g(x) is nonnegative definite if

() %) aea)8 & aaalk - x,)? 0

i=1 j=1

T b set membership or being an element of the set
0 undefined

I P not an element of

A ={} = empty/null set = (a,a)

9278 90

cardinality = #elementsinaset ® | ||

N,={0,1,2,...,n-1}
Z={0,%1,£2, ...}
Zz'={1,23, ...}
N={0,1,23,...}
R={x -¥ <x<¥}

countably infinite set b has exactly as many members as there
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are integers
o Z,Z', N

inclusion: A isasubset of B
Al B« {"w,wil A® wi B}
BE A:Bisasuperset of A:
|dentity/Equality: A, B are equal
A=B« {Al BUBI A
Reflexivity: AT A
Transitivity: Al BUBI C® Al C

de Morgan laws
o (AEB)=ACB°
o (AGB)=AEB°

Boolean set operation
complementation A°, ACA = {w:wi A}
union AE B={w:wi AUwi B}
intersection ACB={w:wi AUwi B}
difference A- B= AC B° ={w:wi AUwi B}

Partition
P ={Bj} isapartition of W
if and only if
W= [ JB and
B~ B, wheni?j
® BB, ® ACB " ACB,
® A=J(AcB)

P(Bi) =0® P(AlBi)P(Bi) =0

event language
A ® A occurs
A®® A does not occur
AEB ® either A or B occur
ACB ® both A and B occur

digoint: A* BU ACB=/£&
pair-wise digoint, mutually exclusive:
for {Ak}, AiCAj =/Fwheni?l j

The sequence of events{ A1, Az, Ag, ...

sequence of eventsif and only if
Al Al Asl

U =4,
limA, = UA

n® ¥

} is monotone-increasing

indempotence: (A9° =
commutativity (symmetry): AEB=BE A, ACB=BCA
associativity:
o Ag(BCC)=(ACB)CC
o AE(BEC)=(AEB)EC
distributivity
o AE(BCC)
o AC(BEC)

(AE B)C (AEC)
(ACB)E(ACC)

The sequence of events{ B, B>, Bg, ..

sequence of eventsif and only if
B:E B2 E B3E ...
()8 =B
i=1
¥
im8, =(]8

.} 1S monotone-decreasing

(event-) indi cator function
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l,:W® {0,]} 6(n-|) )
1], if WT A (n)r = _i=0 = k’la- I_Q» u&glngzeiaol —-—e r(;nl)
(W) ~10, otherwise n’ A i€ Ng |:0§ o
o, O (n) e
A={w:1,(w)=1 I;O
A=BU I,=lg »e 2
| Ww)=1-1,(w) The number of arrangements (permutations) of n 3 0 distinct items
Al BO {"w,I,W)e1,W}0 {"w,1,w)=1® I,W)=1 (N)n = n!
~ o=1=1
o) = min(1, (). 1, ()= 1,0)4 ) it
| e (W) = max(l (W), 15 (w)) = 1, W)+ 15 (w)- 1,(w)5(w) -
Enumeration / Combinatorics / Counting nl = g 't"dt
0

Given a set of n distinct items, select a distinct ordered sequence
(word) of length r drawn from this set
Sampling with replacement

My =N

O mi1=n

0 m,=1

0 My=myiforr>1

o [WI=r® [jpower set] = 2] =2
0 Ex.#binary string of lengthr = 2

Sampling without replacement

() = O( i) = (nfllr)!:n>(n-1)-~-(n-(r-1));r£n

i=0

o =0ifr>n
o (Ni1=n
o (n)=(n-(r-1))(nN)r1
= EX. (7)s= (7-4)(7)4
o (1) _ilifr=1
rTioifr>1

a?1+7_|n
Stirling’s Formula: n! » +/2pnn"e " =(\/2pe)e8 2a'%es

binomial coefficient
ano_(n), _ !
8rg ri (n-r)ir!

the number of unordered sets of size r drawn from an a phabet of
size n without replacement

the number of subsets of sizer that can be formed from a set of n
elements

reflection property: g gn r.
%]

ano amo

gnﬂ goﬂ
amd_een §
glﬂ gn 15

grizo ifn<r
2

=n
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~ & n 0 s & o 0
maxamg: gén +1l;': ? n g ¢n- kazo n, :
" SR N
and an-noam-n-no aad_ n
gnlﬂ% n, ﬂ% N, 6 g 6 6n!
i=1
///\\ Arrangen = é n tokens when having r types of symbols and n;
/ \ i=1
/ / \ indi stinguishable copies/tokens of atypei symbol
PR multinomial coefficient

Binomial theorem

(x+y)' = a i

letx=y=1® ag
5

Multinomial Theorem

(xl+...+xr)n

Hu' QJO:;

Entropy function
H(p) = - plog,(p)- (L- p)log,(L- p)
- binary: b=2
Hz(p) = - plog,(p)- (L- p)log,(1- p)

nH, & 2
a§\9»2 2gnm

g
&0 g 0
L e @
n+1 grg

r-ary entropy function
pi 0

ap-=1

i=1

H@ é’lr p log, B,

i=1

Multinomial Counting

bars and stars

PM Page

PM Page




EE310 By Prapun Suksompong

EE310 By Prapun Suksompong

Ex. distribution of r = 10 ballsinton = 5 cells
****l***"**l* p (4’3,0,2’1)
n-1 bars; r stars

-1+

(SHEE O

outcomes are mutually exclusive

#{ distinguishable arrangements} = g 2= gﬂ
a
Y

CLASSICAL PROBABILIT

random experiment (W, A ,P)

Equipossibility
The bases for indentifying equipossibility were
0 physica symmetry
0 balance of information
meaningful only for finite sample space

selected at random b equipossible cases

The classical probability of an event A

_ Al
" w

_ Thenumber of casesfavorableto theoutcomeof theevent

Thetotal number of possible case

Chevalier de Mere' s Scandal of Arithmetic
A = obtaining at least one six in four tosses of afair die

P(A) = 1- ¢°é—59 = 518
B= obtamlng at least double-six in 24 tosses of a pair dice
.24

PB) = 1- 229 = 401
€36g
1 T

1_?@56)( 05 m
&36g
ok ] ]
0 10 20 30

P(A)3 0

PW) =1

P(B) =0

P(A% =1 - P(A)

P(AEB) = P(A) + P(B) - P(ACB)

o [IAEBJ = [IAll+1BIl - IACBI|

A" B® P(AEB) = P(A) + P(B)
P(A% =1 - P(A)

1 0
W={wi, ..., W} , PEw}) = - ® P(A)= a p(w)
wl A
0 The probability of an event is equal to the sum of the
probabilities of its component outcomes because

X
Probability of coincidence birthday
Probability that two people in your class have the same birthday

=1ifn3 365

PM Page
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1 o(at )= PUAEC)GE) _ P(AC B)E (AGC)
P(B) P(B)
_P(AcB)+P(ACC)
1-_personn 05 7 - P(B)
{arce (agB)~ (AccC)
0 | | =P(AB) + P(C|B)
°o %% P(ACB) = P(B)P(A|B)
: P(ACB) £ P(A|B)

Conditional Probability

Classical Conditional Probability
Given that event B* A occurred
Conditional Probability of A given B:

ACB
i

= the updated probability of theevent A
given that we now know that B occurred.

P(A|B) = P(ACB|B)3 0
P(WB) = P(B|B) = P(Agg|B) = 1
If AN C,

Multiplicati on/Sequence Theorem
N, 0
PghA 2=P(A gA ﬂA :
i=1 @ j<i
n=2® definition of condltlonal probability
LetB=[1A
i=1

Pgi:A %2 P(B C Am) = P(Aw+1|B)P(B)

PM Page

L
= P(Aw+1|B)P( ) g ﬂA H
%e Al 1A O P‘?A Nad
=1  @i= j< 43
sl
=P(4)O0 g ﬂA H
P(ACBCC)
=P((ACB) C C)=P(ACB) P(CIACB)
= P(A) P(BJA)" P(CIACB)
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, atb+d+e e+a e+ta
P(ACB)=P(A) P(BJA) = x = = ]
(AGB)= P(A) PBIA) Py P(a‘)alixp()
_ , _ate_a _a B Th

P(AGBGC) = P(AGB) P(CIAGB) ==—x——== ayes Theorem

n ate n Assumption:

P(Ej)>0

Ci isapartition of W
P(C) =0® P(E|C)P(C) = P(ECC) =0
Results:
P(E, Ic JP(c)

~awrE e P

k

rlofe )= PEER-

Markov process
acausal chain in which event A; is produced solely by its
temporal predecessor A1

AN =PlalA) 51

< g

In this form, know P(outputj|input;) and P(input;).
o find P(output;) by total probability theorem
o find P(inputjjoutput;) by Bayes theorem

Tota Probability Theorem
Assumption:
P ={Bi} isapartition of W
P(Bi) =0® P(A|B)P(Bi) =0
Result:

P(A) =é:1 P(A|B)P(B)

Urn models: nurnsp partition of W
eachunUihasa; +ai+ag+ ...+ =n

P(U) = 1 if equally possible

P(qu)-—

Consider the following table

Ci ¥%S® E
IEI = lICI| = IE4]l + [IE-]l = ICall + [IC]
Es E
Ci | IGCE| | [IC.C & IC4]|
Co [ ICCE | [IC;C E I
[[=1] lIE=|| IEIl = I[C]I
Notice that
= E.
P(Ej ) = H
= PE,cC)_|E CC
o 10)=PE G- 1B
i <]

= .kl
=g

PM Page

PM

Page




EE310 By Prapun Suksompong

EE310 By Prapun Suksompong

g Iad Icls

= H = H
<l 1E]

Case 2: C2: P(RY) = % P(R]S) =1

2

\ PRIS) = %(0) F 2= §

_PEIc)P)_ PlEIc)P(c)

o) &l c )

Monte Hall’s Game

- Started with showing a contestant 3 closed doors behind of
which was a prize
The contestant selected a door
but before the door was opened, Monte Hall, who knew which
door hid the prize, opened a remaining door.
The contestant was then allowed to either stay with hisoriginal
guess or change to the other closed door.

- Question: better to stay or to switch

R = right door ; S = switch door

We will find P(R|S) ;

Case l: Ci: P(R) = :—13 P(R|S) =0

False positives on Diagnostic Tests
- D =Haveadisease
+ = positive test
po = probability of having disease
P(+D)=1b
o PHD)=0
0 havedisease ® aways positive result
P(+|D%) = p. = not have disease ® positive result

D D¢
+ | P(+CD) P(+CD") P(+)
= P(+|D)P(D) = P(+|D)P(D°) = P(+CD) + P(+CD")
= 1(Pp) =P = p+(1-po) = Po + p+(1-pp)
+ | P(+°CD) P(+CD°) P(+)
= P(+°|D)P(D) = P(+ID)P(D°) = P(+°CD) + P(+°CD")
=0(pp) =0 = (1-p)(1-po) = (1-p)(1-po)
P(D) P(D°) P(W) =1
= P(+CD) +P(+°CD) | = P(+CD") + P(+°CD")
= Po =1-pp
PIDC + 1
Plok)- (P(?-) - Po + pplzl- Po) 14 P
P " P 1+ p7+ (1' Po )
D

» % ; for raredisease (p, <<1)

+

Probability Foundations

propensity view of probability
The probability P(A) of the event A isanumerical measure
of the propensity or tendency of the event A to occur ina
(not necessarily repeatable) performance of arandom

experiment £
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= For indefinitely repeatable experiments,
probabilistic propensity is displayed
in the long-run relative frequency of the occurrence of A
in n repeated, unlinked performances &, . &, of the random

experiment £

to all possible subsets.

Intersections of Algebrais an algebra

Sample point
A representation of a possible outcome of an experiment.

Sample space: W
set of all possible outcomes of the experiment
do so without duplication
at alevel of detail sufficient for our interests
thislist is complete in a practica sense, albeit usually not
complete either regarding all logically or physicaly possible
outcomes

= Relative frequency of an event A

_1g _N,(A)
()= 24 1) =t
RFO (. A®
RFL  ry(A)2 0
RF2  r(W=1

RF3  A~BP ry(AEB) =ry(A) + ry(B)

Kolmogorov’s Axioms for probability

Event b an outcome or a collection of outcomes.

(Event) Algebra/ Field A

@® acollection/class of subsets of W
@ closed under
0 1) complementation
o 2) finiteunion
s-field/algebra if closed under complementation and countable
union.

WAET A

closed under
o finiteintersection
o difference

The smallest A ={W,/A}
Thelargest A = 2%

Why not all subsets?
o If Wisfinite, too large
o If Wisnot finite, may not be able to assign a probability

KO Setup
PA® A

K1 Nonnegativity
P(A)3 0

K2 Unit normalization
P(W) =1

K3 Finite additivity
A~ BP PAEB)=P(A) + P(B)
The above axioms suffice when sample space has finite number
of sample points
K4 Monotone continuity
Al A and ﬂA =f b limP(A)=0

i® ¥

K4¢ Countable or s- add|t|V|ty
{HJDAAAH>§UA aP()

= K4, K4¢Equivalence:
If P satisfies KO-K 3, then
it satisfies K4' if and only if it satisfies K4

probability measure < satisfies KO — K4

PM Page
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» PAY=1-PA)
= PA=0
» 0£PA)E1L
= If P(A) =1, A isnot necessary W.
= AEBP PA)3 P(B)
= P(AEB) 3 max(P(A),P(B)) 3 min(P(A), P(B)) 3 P(ACB)
= P(AEB)=P(A) + P(B) - P(ACB)
= Finite Digoint Unions:
i1j, ANAD P"@A%ﬂ:é P(A)
= Countable Digoint Unions:
i1j, ANAD P@A%zé P(A)
= If P ={Aj} = countable partition of W, then
P(B)= 4 P(BC A)

= Boole' s Inequality:
"o ¢
PELJAZE A P(A)
i=1 i=1

%]
= |Inclusion-Exclusion Principle

PRJAZ: & (1"PfA

P(AE AE A)-P(A)+ P(A)+ P(A)
-P(ACA)- P(ACA)- P(ACA)
+P(ACACA)

= Given acommon event algebra A , probability measures

aconvex combination P(A) = é [ .P(A) of probability
1
measures { P} is a probability measure

A formal definition of probability involves the specification of

w
A

A set function P which is defined on the elements of A and
which has the properties specified by Kolmogorov's Axioms

A probability assignment which is consistent with
Kolmogorov’s Axioms can always be made to the elements of a
s-algebra.

Probability spaceb (W, A, P)

PMF: Probability Mass Function

pdf for finite or countably infinite W= {w}

pmf
O pW® [0,1]
@ § pw)=1

wl W

when enumerated, p(W) = p;

" pW) = P({w)
= PA)= 4 plw)

wl A

= convex combination of pmfs & |, p"(w) isapmf
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- Random . p = % for W= N,

o classical game of chance/ classical probability drawing at
random
o fair gaming devices (well-balanced coins and dice, well
shuffled decks of cards)
o high-rate coded digital data
o experiment where
= there are only n possible outcomes and they are all
equally probable
= thereisabaance of information about outcomes

=  Bernoulli
wW={0,1}
0 po=1-p
O pr=p
o °B(1p)

(@)

- Binomial snp): o =§f‘$pi(1- p)""; for W= Nnu
2

0 £ p £1 b probability of single occurrence of A = 3(1,1)

o If have &y, ..., & nunlinked repetition of £ and event A for
E
B(n,p)= the probability that A occursk timesin &, ...,&q

o maximum probability value k = gn+1)p{ » np
(Average #errors)

o b(l,%)b binomial that also random

0 #headsinntossof acoin (p=0.5)
0 #errorsin n symbols of text
(p = the probability of an error in a single symbol of text)

- Geometricgp): p = (1-b)b'

Q

Q

;W=N,0£b<1

b= ml+1 m = mean/average waiting time/ lifetime
P(X=k) = P{ k failures followed by a success }
=P{failure} P{success}
lifetimes of components, measured in discrete time units,
when the fail catastrophically (without degradation due to
aging)
walting times
o for next customer in a queue
0 between radioactive disintegrations
0 between photon emission
number of repeated, unlinked random experiments that must
be performed prior to the first occurrence of a given event A
0 number of coin tosses prior to the first appearance of
a‘head’
0 number of trials required to observe the first success

- P0oisson 7 y: pi = e"li—: - W=N,0£|

O

| = mean/average #counts = IT
T = observation time
| = an event intensity / rate of occurrence/ current
1
most probable valuei = g (), peak value p, . » ——
p é u p pel ) \/Zp_l
ii.d. Ne~P(l ) ® N= § N ~P@l )
rare events limit of the binomial (large n, small by)
let b, depend on n and I|®n; nb,=1 >0 then

b ® 0 |
lim g‘%@i(l- o) = &' I|_l

n® ¥
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0 #photons emitted by a light source of intensity |
[photons/second] intime T (I =1T)

0 #atoms of radioactive material of mass m undergoing decay
intimeT (I p mT)

o #clicksin aGeiger counter in T seconds when the average
number of click in 1 secondis|

0 #dopant atoms deposited to make a small device such as an
FET

0 #customers arriving in a queue or workstations requesting
service from afileserverintimeT (I p T)

0 number of occurrences of rare eventsin time T

o #soldierskicked to death by horses

= Fx iscontinuous on the left at point a if and only if P(X=a) = 0.

3 types of cdfs

cdf: Univariate cumulative distribution function

cdf Fx(x) = P{X: XE x})

L ebesgue-Stieltjes integral
¥
P(A)= § A (x)dF, (x)
-y

Riemann integral

p(A) = _}, (01, (X)x = & (o

@ Discrete CDF: Fy(x) = § pU (x- x)

{p} ® pmf
= PX=x)=p
= piecewise constant

Fyx)
A

v

®@ X
Absolutely Continuous CDF: Fx(X) = Q)f (2)dz
-¥

f(2) ® pdf
= P(X=x)=0

€) Singular CDF Fy(x)

13 F(x)2 0

P((ab]) = F(b) — F(a

nondecreas ng: X2 > X1 b Fx(Xz) > Fx(X]_)

Right Continuity: F(x") = F(X)

P(X =a) = P([aa]) = F(a) — F(&) = jump height @ X = a
= |If F(X) iscontinuous @ a, then P(X =a) =0

The left-hand limit: lim F(x)=0

RN~ = =

w

4. The right-hand limit: lim F(x)=1

the only discontinuities that a pdf can have are jJump
discontinuities

pdf can have at most a countable number of jump
discontinuities.

= convex combination of cdfs § | ,F(x) isacdf
i=1

Decomposition:

Any F(x)

=1 gFa(X) + 1 oFac(X) {+1 FX)} Q! =1
= | é pU (x- x)+(1-1) of (y)dy

\—ﬁ/_—J
step continuous

PM Page

%F(x)zl é pd(x- x)+(1-1)f(x)
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CDF representation for pmf p(w)
W={w} ® F)= 4 pw,)= & plw, M (x- w,)

iw; £x

For arandom experiment &, can estimate the cdf from data on the
actual outcomes X, ...,Xn Of n unlinked repetitions of £ through

empirical distribution function ﬁn(x)=%§ U(x- x)
i=1

pmf pisaspecia case of pdf f
p(xi) = pi= P{w=xi})
fw=a pdw- x)

the number of observations lying in the interval (a,b]
= the height of the histogram

= n(F,(b)- F.(a)

F(z) = the value of the cdf F as z is approached from the | eft
(the lower cdf value if there is a jump discontinuity at z)

pdf: Probability Density Function

xI A

pdf U

® f(x)3 0

@ Of (x)dx = P(w) =1
W

f(x) can > 1
convex combination of pdfs § 1, f,(x)yields a pdf

1:1 correspondence between P, cdf, pdf

P(A)= & (X)ax = _}, (%) (x)ox

F (x) = PUX : X £ %)= _})fx (x)x

Uniform uab)

1 10 Xx<a,Xx>b
f(X):mU(X' a)J(b' X):.|. 1 afExEb
Tb- a
1.0 Xx<a,Xx>b
F)=1x-2 e yep
Tb- a

continuous generalization of R(n)
0 usewith caution to represent ignorance about a
parameter taking value in [a,b]
0 phaseof oscillatorsb [-p,p] or [0,2p]
0 phase of received signals in incoherent communications

® usual broadcast carrier phasef ~ U(-p,p)
0 mobile cellular communication: multipath
® path phasesf .~ U(-p,p)
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Exponential sa)
f(x)=ae®U(x);a>0

F(x)= - e @:%_

P(X>x) = €**U(x)

continuous version of G (b)
o Lack of memory property
P{X>k+C | X>k} = M
P{X >k}
o lifetimes (continuous time) of components of systems
that fail without aging (memorylessness - eg wine glass)
: mean life= 1
a
0 waiting times between successive
o photon arrivals
electron emissions from a cathode
radioactive decays
customer/packet arrivals
dopant atoms arrival in an implant process
uration of telephone or wireless call

= P{X>c}

O O OO0 O

0

Par et rar(a) : heavy-tailed model/density
f(x)=ax®U(x-1);a>0

_ 1 & _10 x<1
F(X)—?.- x_agJ(x- 1)‘%1_ % X3 1

15 T T T

-3 30

o distribution of wedlth

o flood heights of the Nile river

0 designing dam height

0 (discrete) sizes of files requested by web users

0 waiting times between successive keystrokes at computer
terminals

0 (discrete) sizes of files stored on Unix system file servers

0 running times for NP-hard problems as a function of

certain parameters
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L aplacian ()

H@:%é“;a>0

-:-%eax x<0
F(x):i 1

11- =e® x30

2

15

o] ; amplitude; of speech ssignals

o amplitudes of differences of intensities between adjacent

pixelsin an image

Nor mal/Gaussian avms?

2
lox- mg

f()=— e 2 o
SV2p

m® mean

s?® variance

s ® standard deviation3 O

error function:

flz)=F(z)= N X? X
at(2)=F ()= o e *¢
=1-F(2)
complementary error function:
¥ 1 x;d
X

cerf (z2)=F (2)=1- F (2) :C‘)Ee_

PM
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» or large x
x2p
F(x):FgeinQ
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thermal noise
" inresisters
= produced by all dissipative physical systems
operating above 0 K
= Voltage across aresistor R [ohm] @ T [K]
V ~N (0, s? ; s*= 4kTRB
B : single-sided (only positive, physical
frequencies) bandwidth [Hz]
5 & Watt u
8Hz>K H
= adevice have anoise temperatureof T K ® average
power P = KTB would be delivered to Roag Under
fictitious assumption that the sourceisalso a
resistance Rs= Ripag @ T
0 3K universa background radiation
0 290K radiation from the Earth as seen from
Space
shot noise produced by the random arrivals of individual
photons or electrons

k = Boltzmann's constant= 1.38" 10>

low-frequency noise (% , flicker, semiconductor, excess

noises) as found in

o low-frequency amplifiers

0 Vvariation in quartz crystal oscillator frequency
many kinds of measurement errors

variabilities in parameters of

0 manufactured components

o biological organisms (height, weight, intelligence)
certain characteristics oflarge-scale systems formed out
of many loosely interacting components

Reliability assessment

components that do not degrade significantly due to aging
due to manufacturing errors, they may fail on the first use
with small probability |
if they do not fail immediately, lifetime L ~E(a)

.fL(x)zl d(x)+ (- I re>U(x)

Rayleigh
F()=f- e b (x)

fed t30
1 t<0

noise X at the output of AM envelope detector when no signal is
present
If X and Y are independent, identically distributed normal

random variables, then R°® v/ X? +Y? has aRayleigh density

Cauchy

a 1
f(2) = ———— wh >0
(2 DX+ 7 where a

If X and Y are independent, identically distributed normal

random variables, then Z °© % has a Rayleigh density

Multivariate

uncountably infinite sample spaces

wi A"

PM Page

orthant / semi-infinite corner with northeast vertex specified by the
point x
Ck={X:("1£n) X;£x}
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multivariate/ joint cdf
Fx(x) = P(Cy
0 non-decreasing in each variable :
Xa < Xp component-wise ® Fx(Xa) < Fx(Xb)
0 xlg@m¥ FX (l() = O

0 Xlnigl Fy, ... Xn(xl ----- Xn) =Fs... xn,l(xl ’’’’’ Xn—l)
° Xl,!.i,';(?®¥ FX1 ~~~~~ Xn (Xl """" Xn) =1
o forn=2

Plag < X1 £ by, & <X2£by)
= Fx(by,bp) - Fx(84,02) - Fx(by,a) + Fx(ay,a)

FX;’ (Xg) = anvxaﬂv“-vxb (Xa’xa+1 ’’’’ Xb) ;b3 a
Fye (X:): Fe, (%)

Functions of Random Variables

multivariate/ joint pdf

Random variable

= areal-valued X that somewhat unpredictably takes on a specific
numerical value x when the appropriate random experiment is
performed.

= vector-valued random quantities: X

= afunction, mapping, or transformation from agiven initia

probability space W, A, P to afinal probability space Wk, B, Px
X W W, X(W) T W

PDF1 | f(x)% 0;" xI A"

PDF2 | _ B

M easur ability
The function X is measurable wrt. the algebras A, B U

"Bl B)X'B)I A

Random variables are assumed to be measurable wrt. the relevant s-
algebras

ﬂn
fx(x) = Fy (X
00 =g « (%)

when have unlinked or unrelated { E;},
Xi: outcome of E; (univariate)

0= O f.(x) , Fx09 = O F(x)

an initial probability space W, A, P
and
afinal probability space W, B, Px
are linked by arandom variable X

PM Page

whenever
X WR Wy
is measurable wrt. the algebras A,B
and
(" BT B) Px(B) = P(X"'(B))
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Power Law Y= X"
Y= 9(X) iy
Ex = (W, Ax, Px) = nodd: fY(y) == yn ' éy” T
@
& _3(WY’ AY’_PY) o B = neven& continuous Fx:
. WA,/%®V\&—{Y-($XI WL Y = g(X)} 1 L€ ®lo e Lo
- W E gWk) f(y)==yn ehgy" <+ fif v b (v)
n- g /] @

= forAyl W, if g*(Ay) = A& then Py(Ay) =0
= gismeasurablewrt. the algebras Ay, Ay U

Ay Ay) gAY T Ax

g'(y) = min{x: g(x) * v}

Given Py, g, need Py
= PYAY) =Px@(A) = Ofx(X)dx= )f (x)ox
{x:xT grl(Av)} g (A)

Monotone g (strictly increasing or strictly decreasing; one-to-on
single variable transformation)

=‘diy g (), (g*())

Todeterminefy from fx

= Fe(y) =Py(Y £Y) =P@OEy) = o)f (X)ox
{x:g(x)evy}

- L)=2R()

dy
SISO

Linear: Y = aX+b
continuous Fx (for a< 0 part)
()= 0

Ial

. X~ N(m,s ), Y = aX+b® Y ~ N(am+b,a’s?)

F(y) = P(YEY)
For monotone-increasing function,

F(y) = P(X £g7(y)) = Fx(g'())

eed 0
f :f -1 -~ -1 -
()= 6 (07 (M)gg, ()
T
For monotone-decreasing function,

) = P(X2 g™(y))
=1- P(X£g7(y))+P(X =g7(y)) = 1-Fx(gy))

f, (y)=- fx(g-l(y))gediyg-l(y)g

S —
£0
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Ay

y =9(x

Y£Yo

> x

X,Y ~E@) P Z=X-Y ~L(a)

Ex.Y = X?

notethat Y30 ; sofy(y) =Fy(y) =0fory <O
Fv(y) = P(Y£y) = P(OEXEY)

Fory 3 0, Fy(y) = POEX?EyY) = P(-A/y EX£,[y)

=Fx(\y) - Fx(-4[y)

10 y<OP

Y —% 1 +_£_ - 3 QY
fy(y) TZW t(Jy) 2\fo( )y 0_3[;

Ex. Y = X°U(X)
notethat Y30 ; sofy(y) =F/(y) =0fory <0
Fe(y) = P(Y£Y) = P(X?U(X)£Y)
note that X?U(X)3 0
Fv(y) = P(Y£y) = POEX?U(X)EyY)
Fyv(0) = P(OEX2U(X)£0) = P(X2U(X)=0) = P(X=0)+P(U(X)=0)
=0+ P(X<0) = Fx(0)
Fory > 0, Fy(y) = P(OEX?U(X)£y) = P(X<0) + P(OEXE,[y )
= P(XE4Jy) = Fx(Y)
iO y<0
Fe(y) = . Fy % )  y=0
, 1E \/_ ) y>0
| 0 y <0

f) =11 ¢ (fy) y>0§g+Fx(0)d(y)

f2)y ~

To generate Y ~ Fy(y) = G(y) from U ~ /(0,1)

I nver se cdf
Theinverse G* toacdf Gis
G Y(u) = min{y: G(y) 3 u}
Both G and G™ are nondecreasing functions
= G(GHu)3u
= G(G(y) £y
= 2 G of confusing uis @ jump

PM Page
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G(y) G(u) :
u ./P_ i
Ug Ya & !
Uy © E
/ Y3 E
T i
() i
u f) y2 ........... :
e y _ | !

Yo V& Ya ( u1 U, u3 Uz Us Ug 1§ u
G(y2) = Us !

G(us) = min{y: G(y) ® us} =2

G (w<uz<uz) = minfy: G(y) 3 uz} =2

G(y) jump from u;” to uz a y, S0, min G(y) 3 Uz isus
Gy)=us® y=y

Note the difference between choosing the value at u; and uy
incoming increasing b choosey at jump

incoming constant P choosey at left end of constant
problem if have constant piece G((-¥,a)) = 0 ans.: G*(0) =0

GH(u) = min{y: G(y) * s} = U~U01)® Y =GLU)~cdf G

no G(y) = U . . . strictly increasing continuous cdf F
G(y) jump from uy" 10 Us & y> S0, Min G(y) * Uy is Us = Fliscontinuous and strictly increasing
G (Us) = Y4

Y ~F® X =F(Y) ~U(0,1)

-1 —_ : . — . — —
G (us) = min{y: G(y) * us} ={y: G(y) = Us} =4 . probability integral transformation

G(us) = min{y: G(y) ® ua} = min{y: G(y) = Us} =ys

MIMO: Multiple Input — Multiple Output

dm(X) =dim(Y) P n=m

For a1:1 nonlinear transfrmation g from X to Y , Y = g(X),
with differentiable inverse g, X = g*(Y)

fr(¥) = fx(g7(y) ) Idet J|

_ D D |
1= 3= =gy
[3], 3 Ty, ﬂng (_)
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T T 1 Specia case:
ng (yli"'yn) Ty 0 (yli"'yn) Transforming Uniforms into Normals
1 n .
detJ: 1-[ _ll 1‘[ _l. §12~u(0’1)
Wgn (yl""yn) : ﬂy 9, (yl""yn) 20
' i 2,6_ /- 25 *logx cos(2px,)2 2
_ 1 By 2 st AT~ N(OS?)
_ Y5 - 25 2logx sn(2px,) 5
Y ) T ) -
ﬂxlgl ATIRERY B % 01 \%- - %, For X bei.i.d. pdf type C
: . : means fx(x) = f, (Xi)xfxz(xz)"' fx, (Xn) , Xi~C
T . T MIMO transformation: dim(Y) = m < n = dim(X)
T, 9,0%--%) x, 9, (%% solution: augment Y to Y ¢ dim(Y ¢ = dim(X)

Ex Y=AX+Db
fy(y) = fx( Aly — Alp)x =

A

(addition of n-m variablesto Y so that the new overall
transformation has a unigque differentiable inverse)

Sums of random variables

Ex Transformation from Cartesian coordinates (x,y) to polar

coordinates (r,q) ?g® g?
Yo 7]

Z=X+Y

P(Z £ 2) = P(X+Y£2)

Ay

y=-x+z
¥ z-x¢
F2(2) = ) O fxy (X yddyeix¢
A
f2(2) = d_FZ (2)= Ofxy(x¢z- x§dxtP superposition integral
. ,

&y 0

X=rcosq,y=rsng,r= x2+y2,q=tan'18x5

Ix qx

ar qa| [cOosg - rsing
J:ﬂr fa|= =r :dx =rdrd
s fy 1y| |sng rcosg W q

fr 9q
fro (r, Q) =fx,y(Xx=rcosq,y=rsnq)r
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If X and Y are independent random variables,
then

¥
f2(2) = Ofx (x) fy(z- x)dx P convolution integral
¥

Product of random variable

If random variable X and Y are statistically independent and if their
pdf fx and fy respectively, exist amost everywhere, the the
probability density of their product

Z=XY

is given by the formula
¥

¥ )
)= O . (%) nge;ngx
-¥

Expectation and Moments

Expectation

EX = (3, (e O [

provided that at least one of the two integralsisfinite
(can't have (-¥)+(+¥))

P(X=c)=1® EX=E(c)=c
P(X30)=1® EX30
E(aX) = aEX
E(X+Y) = EX+EY
EGA X 2= 3 EX,
€i=1 @ =1
E(aX+bY+c) = aEX + bEY + c; for finite EX, EY
P(X3Y) =1® EX3 EY

EX = - d:x x)dx+d1 F, (x)d
if lim xF( )dx—llm x(1- F(x))dx=0

X® - ¥ X® ¥

E(G0X) = ¢ (%) (x)oix*

-¥

Ex. g(x) =U(t-x)
E(X)) = ¢ (t- x)f, (x)dx = fy (x)dx= Fx(t)

-¥

For discrete-valued X
EX = g xP(X =x)+ 3 xP(X =x)
i:x£0 i:x>0

provided that at least one of these sumsisfinite

o8 x % e & xx =4 A elxx)
€i-1 ﬂa i=1 j=1 g =l j=1

PM Page

¥
n" Moment: E(X") = " f, (x)dx; if exists
¥

Finiteness of Moments: j<k ® { |[E(X")|<¥ ® |E(X))|<¥ }
0 the existence of finite higher-order moments implies the
existence of finite lower- order moments

n" Central Moment: (X EX) ) dx EX)" f, (x)dx; if exists
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n=1 E(X-EX) = 0
E(x")= éogg(Ex)”'kE((x - Ex))

the k™ moment exists « the k™ central moment exists finite

EX=00rEY =0
® COV(X,Y) = E(XY)
® orthogonality IS equivalent to uncorrel atedness

Variance: VAR(X)
= sz

E((x - Ex)?)= dx EX)* f, (x)dx

= second central moment =

VARgaX 9-4 & cov(x,.x,)
g i=1j=1

there can be a high degree of nonlinear dependence that is not
seen by the covariance

= E(X?) — (EX)?
. VAR(X)3 0
VAR(c) =0
VAR(X+c) = VAR(X)
VAR(aX) = &VAR(X)
0 £ VAR(X) £ E(X?
EX=0®
o VAR(X) = E(X?
0 VAR(X+Y) = VAR(X) + VAR(Y) + 2COV(X,Y)

autocorrelation / normalized covariance:

ey = Cov(X,Y) _cov(x.Y)
" JVAR(X)WAR(Y)  s,sy
Ofrxy£1l
largerxy ®

high degree of linear dependence between X and Y

Estimator

standard deviation = +,/VAR(X)

Observe X
Inference: make a linear approximation Y (X)=aX+bto Y

mean squared error = E(Y-Y )? = E(Y —aX —b)?

¥ ¥

Correlation: E(XY) = oOYfx v (x, y)dxdy

-¥¥

Covariance:
COV(X Y) = E(X-EX)(Y-EY) = E(XY) — (EX)(EY)

COV(X,Y) = COV(Y,X)
COV(X+c,Y+c) = COV(X)Y)
COV(aX,bY) = abCOV(X,Y)
COV (aX+b,cY+d) = acCOV(X,Y)

E(Y —aX —b)?
=E§Y-EY) -a(X -EX) +(-b +EY - aEX)%
c 9
=E( (Y-EY)? + &(X-EX)? + ¢
— 2a(Y-EY)(X-EX) + 2¢(Y-EY) —ac(X-EX) )
= VAR(Y) + @VAR(X) +¢? — 2aCOV(X,Y)

select a, ¢ that yield a MM SE (minimum mean squared error)

{ EXY)=(EX)(EY) « COV(X,Y)=0} ® X,Y are
uncorrelated

E(XY)=0® X,Y areorthogonal
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choosec=0b b=EY —aEX E(Y —aX —b)?
\ Y(X)=aX + EY —aEX = a(X-EX) + EY — VAR(Y) + 20OV (X,Y)6 T
or can use VAR(X) P
e 0
i ¢ 2OV (X,Y)8
% elv-vf=e2 o d(v-vf= ES- 2y - YE; %o %8 VAR(X) 5 CovxY
a.
§ 5 _VARY)- (COVIX.Y)F
EY=EY,b=EY —aEX VAR(X)

now we have Y (X )= a(X-EX) + EY
Y - Y(X) = (Y-EY) — a(X-EX)

E(Y —aX —b)? = VAR(Y) + &VAR(X) —2aCOV(X,Y)

% E(Y - \?)2 =0+ 2aVAR(X)- 2COV(X,Y)

(cov(x,Y)y 0
VAR(Y) VAR(X )

=VAR(Y)AL- 1 2,)

—VAR(Y) xée

performance = E(Y-Y )2 = VAR(Y) (1- I xy?)

To minimize E(Y-Y )?, need a= %();;)
;a Efv- vf =26{v - Y)(;z—ZE(Y-\?Xx- EX)

(Y - Y)(X - EX) =0 orthogonality condition
E(Y- Y)x - EX)=E((Y- EY)- a(X - EX))(X - EX)
=COV(Y, X)- avAR(X)=0

worse case

ifrxy=0« COV(X,Y)=0« X andY areuncorrelated ,
then

0 have biggest mean squared error
o Y(X) =EY (not using X)
o performance =VAR(Y)

E(Y —aX —b)* = E( (Y-EY) —a(X-EX) )?
(= VAR(Y) + @VAR(X) —2aCOV(X,Y))

\?(x):%&;)(x- EX)+ EY *

PM Page

Ex Observe X =Y + N =noisy readingon Y

Infer Y using \?(X)z ax+b
Assume EN =0, COV(N,Y) = 0 (uncorrelated)
EN=0® EX=E(Y+N)=EY +EN=EY +0=EY
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b: EY = EY
E(aX+b) = aEX + b=aEY + b= EY
b=EY(1-a)
COV(X,Y)
= E(X-EX)(Y-EY) = E(Y+N —EY)(Y-EY)
= E (Y-EY)?=E(N)(Y-EY)
=VAR(Y) - E(N-EN)(Y-EY) ; EN = 0
=VAR(Y) —COV(N,Y) = VAR(Y)
VAR(X)
= E(X-EX)? = E(Y +N-EY)?
= E(Y-EY)? + E(N?) + 2E(N)(Y-EY)
= VAR(Y) + E(N-EN)? + 2E(N-EN)(Y-EY)
=VAR(Y) + VAR(N) + 2COV(N,Y)
=VAR(Y) + VAR(N)

_cov(x,Y)_  VAR(Y)
~ VAR(X)  VAR(Y)+VAR(N)
VAR(Y)
G(x)= ax.Bx) + By = VARIN) o ey
(X)=a(X-EX) + EY mé)—i(x EY) + EY
VAR(N)
VAR(Y)

o] = SNR: signal-to-noise ratio

VAR(N)
0 IfSNR® ¥,then
X isagood measurement
Y(X) =X
o IfSNR<<1
Y(X) =EY

EE310 By Prapun Suksompong
rxy
_ [(cov(x,Y)? _ (VAR(Y))
VAR(Y)VAR(X)  VAR(Y){VAR(Y) + VAR(N))
_ 1
B 1+ VAR(N)
VAR(Y)
performance ( )
VAR(N
=VAR(®Y) (1-rxy?) =
XY 1t VAR(N)
VAR(Y)

Extensions of Expectation to Vector, Matrix, and Complex-Valued
Variables

EM = [EMi,j]
EX = [EX|]

Z=X+iY® EZ=EX +IEY

E(AX+BY+c) = AEX+BEY+c

A is nonnegative definite matrix

n n
« aAa= é é Aaa30
i=1 j=1
« symmetrix and all its eigenvalues are nonnegative

Correlation Matrix: Ry = E(XX") = [E(XiX;)]
Symmetric

Cross-correlation Matrix: Rxy = E(XY") = [E(X;Y})]

not symmetric in general
Rxx = Rx

Covariance Matrix:
Cx = E(X-EX)(X-EX)") = Rx — (EX)(EX)" = [COV (X, X))]
= COV(X,X)

Symmetric
have VAR(X;) on itsdiagona line- COV(X;,X;) = VAR(Xj))
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Cross-covariance Matrix:
COV(X.Y) = E(X-EX)(Y-EY)") = [COV(Xi,Y})]

EX:0® Rx:Cx

AisaRyxor Cx « A isnnd

Linear transfor mation

Y =% +b
EY =SEX +b
5v=55x5T+bb" +b(EX)"$ T +$ (EX)b"
& = $ &S

For P(B) >0
of (x91 , (xdaixe

Fx(x[B) = P X:XEx)B) = PAXEXCB)

P(B) P(B)
1 f(x)
f(XIB):%)() i—B) : ())(tIh:Wise

Markov Dependence

X ~N(m,C) b Y ~N(Am+b,ACA")

Wiener Filtering

Observe X infer Y by Y (X)=a'X+b

"> 1 P§AﬁA,§= P(AIA,)

2

To minimize MSE
EY =EY ,b=EY —-a'EX
orthogonality condition:
E(Y-Y )(Xi-EX;) =0
E(X-EX)(Y-Y ) =0
a= Cx*COV(X,Y)

PaﬁA = P OP(AIA )

Ex |- the successive orderings { Aj} of adeck of cardsin repeat
shuffles

Discrete X, Discrete Y

Condltlonal Probability

(revised probability)

P(A|B) : the conditional probability of A given B

= P(AB)3 O

= P(WB)=1

= P(BB)=1

= P(AIB) = P(ACBIB)

AEB® PAB) =1

A1 A, ® P(AIEAB) = P(A1|B) + P(A2|B)
For fixed B, P(.|B) is a probability measure
P(A])

Py =y,.X =x,)

P(X :Xj)

P(Y=y) = & P(Y = y|x =x, P(x =x,)

P(Y:yi‘x :xj)P(X :Xj)
Py =vy)

P(Y =yilX=x) =

P(X =x[Y=y) =

A
P(Y1=y1,....Ye=yn) = P(Y, =y,)’ O P(Yi :yj‘Yl =YY :yj-l)

P(A[B) + P(AYB) = 1
P(A[B) + P(ABY) = ?
P(A|B)P(B) + P(A|BY)P(BY) = P(A)

= A”AB® PBJA)=0,andif P(B)* 0, P(AB) =0
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Ex

S: BSC: binary symmetric channel
X,YT {01}

{g,(l} ®SE {(JYJ}

P(Y=1-x|]X=x) = p
- P(Y=1|X=0) = P(Y=0]X=1) = p = P(error)
(Given)
P(Y=x|X=x) = 1-p
P(Y=0]X=0) = P(Y=1]X=1) = 1-p
P(Y=y) = P(Y=y|X=0) " P(X=0)+ P(Y=y|X=1) " P(X=1)
P(X=0,Y=0) = P(Y=0|X=0)" P(X=0)

= (1-p) P(X=0)
P(X=0]Y=0) = P(Y =0|X = O)P(X =0)
P(Y =0)
= (t- p)” P(x =0)

(- p) Px=0)+p" P(x =1
P(X:llY:O) =1- P(X:O|Y:O)
P(X=1]Y=1) = P(Y =1] X =1)P(X =)
P(Y =1

= (L- p)” P(x =1)

(L- p)" P(X=1)+p" P(x =0)

1

p, P(X :0)

(- p) P(x =)

1+

DecideX =1 if
P(X=1]Y=1) 3 P(X=0]Y=1) =1- P(X=1]Y=1)
P P(X=1Y=1)3 0.5

b : s 2
2

p’ P(X=0)
(- p) P(x=1)
b P P(X=1
(- p) " P(x=0)

b £1

P not only depend on p

Ex | Queue Buffer
= Buffer stores upto b bits
= State of buffer: Bi=k;; 0E ki £ b P k; bitsin buffer
= B;® B P Change k
= remove Iy = r bits/cycle from buffer ; if k; <r, empty
the buffer
= add L, = length of t" cycle packet

P(Bt+1:kt+1|Bt:kt) =7

Want K1 = KitLi1-Tee1
P(Bt+1:kt+1|Bt:kt) = P(Lt+1:kt+1'kt+rt+1)
= =0if kg—rw1 <0 o0r Ke— ress > Keer
» =0ifky1>borky; <0

Estimator X (Y) of X

E( X -X)? = ()P( X 1 x) + (O)P( X =x) = P( X 1 X) = P(error)

ObserveY =1

Buffer overflow

P(overflow) = P(kw1>b) = _éb P(k., > bk =i)P(k =i)

= & P(L, >b- i +1.)P(k =i)

i=0

Caseof P(B) =0

P(X2T AX1=xq) = C\)fx2|x1 (Xz | Xl)sz
A
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frx, (X%) _ 1

fxl(xi) _ﬂz 2|x1( |X1)

fxz\xl (X2|X1):

Fr.ix, (Xz |X1) Of Z‘XI(X2|X1)dX2

Continuous X , Cont| nuous Y

Given Fx y(x,y). Find P(YT BIXT A)
Fx(X) Fx Y(X +¥)
Find P(XT A) from Fx(x).
Find fx v(Xx,y) from Fx v(X,y).
P(XT AYT B) = 00y (x¢ yGaxelyd
B A

P(XT AYT B)

P(YT BIXT A) = p(XT A)

fyx (y| X) = fxft((())(()y)

fx v (Xy) = fyx(Y[x) £x(x) = fxv(Xly) fv(y)
fry) = Ofyx (VIX)f (X)aix

b= e
fY = %

¥

Ofvix (yd x)dyt =1
-¥

POYT BIX=X) = O)fyx (Y8 x)dy¢
B

= limP(YT B|X£ X £ x+Dx)
Dx® 0

&, 0 .
gBOfX’Y (X, yﬂ)dy¢;DX Of Xy (x, yﬂ)dy(t
= — B

f (X) Dx fy ()

Binary Decision-Making

Ofxy (x, yd dye

fy (x)

Conditional-probability density of Y given X=x:
d
fyx(ylx) = dy Fix (y | X)

Fex(YIX) =

State of the world: Hypothesis
Ho = null hypothesis® status quo ® target absent
H; = alternate hypothesis ® unique aternative to the status
guo ® target present
Prior probability
P1= P(H:Hl) = P(X:Hl)
Po = P(H:Ho) = P(X:Ho)
P1tpo=1
Make a measurement Y, fyiu(y|H=H;) = fi(y) P likelihood func.
Likelihood ratio : L (y) = - (yIH=H,) _ (y)
fyin (Y| H = Ho) fo(y)
P(H =H,) _p,
P(H=H,) bp,

Threshold : t =

Discrete X ® Continuous Y
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fv(y) = é fym (Y| H = Hi)P(H = Hi) = fl(Y))1+ fo(ybo

posterior probability:
P(H=Hi[Y=y) = 1fY'H (yiH=H)PH=H) _  f(yp,

& T (yIH =H)P(H =H) ~f(ps+ fo(y)po

P(H=H1|Y=y) + P(H=HolY=y) =1

» oy _1H: iy
Decisionrule: X(Y)=j * yl'§

iHy iyl §=5

Minimum error probability design

b choose S to minimize P(X(Y)* H)

P(X(Y) " H ):pOP(X(Y) = H1|H = H0)+p1P()2(Y)= H0|H = Hl)
=pP(YT S|H =H,)+p,P(YT SH =H,)
=po(1- P(Y1 §|H =H,))+p,P(YT SJH =H,)

=P, - Po OF(Y)dy +p, o, (Y)dy
S

S
=p,+ P, fuy)- pofo(y))ay
So

=po +py L (¥)- t)f(y)dy

Want S ={y : L(y) <t}

Sy’ s approach
P(X(Y)l H):pol:)(YT Si|H = Ho)'*'pll:)(YT Sb|H = Hl)
poP(YT S[H =H,)+p, - P(YT s|H =H,))

]
=p, Of Y)dy *tPi- Py C\)fl(y)dy
S S

=P:- dplfl(y)_ pofo(Y))dy

=p, - p.JL (y)- t)fo(y)dy

Want S, ={y:L(y)® t}
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plfy|H (ylH = Hl)
I—(Y) - plfY|H (Y| H= Hl) _ fy(Y)
t pon|H(Y|H :Ho)_pOfYIH(ylH :HO)
fy(y)

_PH=H|v=y)
P(H=H,Y=y)

MAP (maximum a posteriori) rule
X(Y) = Hy if
P(H=H1|Y=y) 3 P(H=Ho|Y=y)
P(H=H,]Y=y)3 0.5
and = Ho otherwise

a = size of the statistical test = fixed Pga
= P(( X(Y)=H1]X=Ho)
detection probability = P, = b = power of the test
= P(X(Y)=HiX=H1) = &f(y)ay
S

Generaly,

o a=1U0b=1

o a=0U b=0(>0possble)

performance= P(X(Y)* H)

Hypothesis Testing

Have no information about the prior probabilities P(H=H;)
(Does not know t)

Know L (y)

Error
Pea : Falsealarm : decide X (Y) = H; when X = Hg

= 0f (Y)dy
s,

Missed detection : decide X (Y) = Howhen X = H,

Neyman-pear son Rule:
maximize Pp subject to the upper bound a on Pra
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NP Solution _ sy (sy) _ f(s)f (y- s) _ ]
When (" i" ¢) P(L(y)=clH) =0, K N X A
i 3 "
the decision rule: X(Y) = L !f L(y) Can also get this from
TH, if L(y)< Fris(yl)

has the highest P, among all decision rules having Pea £ a
b likelihood-ratio-threshold rule
P(L (y)* t|Ho)
0 isacontinuous nonincreasing function of t
o t=0® Pp=1
0O t=¥® Ppb=0
o ForanyO<ac<l,
thereist =ty suchthat P(L(y)3t|Ho) =a
Po = P(L(y)3t|Ha)
Pp 3 Pea

= P(Y£y|S=9) = P(StN£y|S=5) = P(stN£y|S=s) = P(N£y-5|S=5)
By independent assumption

P(NEY-5|S=s) = P(N£y-s) = Fy|s(yls) = P(N£y-s) = Fn(y-9)
fvis(yls) = fn(y-9)

fe(y) = ofSY(S yls = of (y- s)fs(skis = fi,(y)* s(y)

Y|s(yIS) s(8) _  fuly- 9)fsls)
onls(y|s(1)f (sddst Of (y- sfs(sdds¢

for(sly)=

X(Y) =Hyif L(y) 3 ta
Solvefor tafromPra =a = c‘)fo(y)dy
{Llypta}

ROC : Recelver Operating Characteristic
P Pob=r (PFA)

r (Pga) is aconcave function

r ((PFA) =ta

Infer Sby value S(Y) = argmax[fS|Y (sly)]

ey 9
= argmacg ey

—argmaX[f (y- s)fs(s)]

Assume N ~ N (0,52 and X ~ N (my, 5,2
EY =ES+EN=ES

Additive measurement noise

=S+N
Assumption: SN are independent P independent additive noise
fsn(sin) = fs(s)fn(n)

T T
a@o 2SS 0. .,_| Ts v |_|1 0O_
g ® ez =y 0 7l1 47t
Ng Yg S+ Ng Ly-s Ly-
s Ty
fsy(sy) = fsn(sy-s) = fs(s)fn(y-s)

é 1 1§{y s)- (m, - )gz 1 1@s-mo' U

S\% argmax ax & S8~ _e%*®s%:-5U

zaoree 7 A
Sy - s)('j2 S - 02“J
:argmin% y g m 2 T U
° x|

sim+sly _ ms+(SNR)
sZ+s? 1+(S\R)
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SNR® 0b S(Y) =msb  ignore the measurement
SNR® ¥ b S(Y) =y P ignore noise (good measurements)

If
fn(n) isasharply peaked function
fs(s) isslowly varying
then
S(Y) » argmax[f, (y - s)] ® not require f«(s)

n~1aximum likelihood (ML) rule
S(v) =argmax[f, (y- s)]

Product/independent model:

T (le’yf):gé fx (&)2 &6 fy (y);
m)_xy(xi A g_lf %&éfyy:
fx1 (le) é in (Xi )g

=0 1,(%)

Ll (vs

Multivariable

P(YlnT Al xlm = le): c\)fvl”|x{" (yln l le)dyl"'dyn
A

#rjﬂynlzvl”x{"(yln m): fvl”x{"(yln m)

Conditional CDF

Markov Dependence: (" i >1) f xxit Fax.s
m>0® ml‘xl Qlfx\x 1

| ndependence

unlinked :

without a causal connection in a physical setting
without one outcome being informative about another outcome
in an information-theoretic or belief-based setting

P[XT A,YT B] = P[XT A] P[YT B]
P[XEX, YEY] = P[X£X] P[Y£y]
Fxy(X.y) = Fx(X) Fv(y)

P[X:Xi, Y:yi] = P[X:Xi] P[Y=yi]

two variables

A and B areindependent : A1LB
U P(ACB) = P(A)P(B)

xm(yl ) c}lly{n cplyﬁPf Xm(y{flxi)
nooon e fenne 00 V)
Focbiie) oo o
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ALB if and only if either

o PA)=0or

o PB)=0or

o P(BJA) = P(B) and P(A|B) = P(A)
AlB & P(B) >0® P(A[B) = P(A)
BILA & P(A) >0® P(BJA) = P(B)
BLAU ALB
(ALA U PA)=0o0r1: triviad ) b " B, AlLB

0 P(A)=P(A)?

o0 Ex. /& Wisindependent of all other events

o P(A)=00or10U AlBand A*B
ALBU ALB°U A°LBU A°LB°

o P(B)=P(ACB) + P(A°CB)

P(A°CB) = P(B) — P(A)P(B) = P(A°)P(B)

two events are nontrivially independent only if they overlap
properly
A"B & ALLBP P(A)=0orP(B)=0
If P(A)t Oand P(B) t 0O, then A and B cannot be both mutually
exclusive and statistically independent.
Al B& ALLBP P(A)=0orP(B)=1
if W] < 4, then there are no nontrivially independent events

o For |W|=3,if A={w}, then

B ={ws} or {ws} or {we, Wwg} ® A"B
B ={wi, w5} or {wi, ws}® Al B

The null event is statistically independent of any other event.
o P(A)=0pP A isdatistically independent of any other
event B in that sample space.

Multivariable

Boolean function f(A4,...,An) = Fis constructed through iterated use
of Boolean set operations of complementation, union, or intersection

events{A,,...,An} are mutually independent: [ JA U
1

) PEAZ=O P(A)

il [ T

Theevent Ay, Ay, ..., Ay are said to be mutually independent if and
only if the relations

P(AICA)) =P(Ai)P(A))

P(AICACAL) =P(A)P(A;) P(AK)

P(A]_CAzC . CAn) :P(Al) P(Az) >§x>P(An)
Hold for all combinations of the indices such that
lEi<j<k<»En

Independence implies alack of covariance
o0 Itisnot the case that alack of covariance always implies
independence because covariance only measures linear
association.

1L and
0o A and A° are mutually exclusive. However, they are not
independent (since if one occurs, the other cannot).

PM Page

trivially truefor ||I]| < 2
0

. &
CRIRET) G T)) PgAijiz P(A)
il [//]
symmetrical P ordering of eventsisirrelevant

Let Bi = Aior A°, HA U ]i[B,
1 1

Given two nonoverlaping collections of event drawn from a

larger collection of mutually independent events,
the two new set, formed by choosing arbitrary
Boolean functions defined on the two
collections,

will themselves be independent
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Assume ﬁ A
1

occurrence of al of these events

P 1A2=0P(a)

non-occurrence of all of them

P 1A 2=0P(x)=06- P(a)

occurrence of at least one of them

PUA 2=1- P A 2=1- O Pl)=1- O - Pla)

Independent experiments
Suppose that we are concerned with the outcomes of n different

experiment &1, &, ..., &n
Suppose further that the sample space W of the k™ of these n
experiments is partitioned by the mg events A, ,ik=1,2,...,m

The n given experiments are then said to be statistically independent
if and only if the equation

P(ANA.N-NA.)=P(A,)P(A,)--P(A,)

holds for every possible set of nintegers{i , i»
k rangesfromltom .

nt, Where the

occurrence of exactly one event, no matter which one

Fxg(xet:) = Py xnt (X Xarroon %) b @

Fx: (X:) = an (Xa)

individual random experimentsE ,..., En
independent

ES
i=1

([a)
oL
e
—
5
SN—
1
O
T
=
—~
X

([a)
—
e
N
25
N—
1

i O
—
x
—~
X

([a)

K)= 1 () 57 (i

(@
X

X
1

<
>

Y
=X1,....X=Xn) = Q P(X; = x)

i=1

P%?CHN -4 p¢ ACﬂN 2
gmE gy = o
=a PO - P(a)
-0 PIER T
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o A8 Y =min X
Eg X ;:O EX, Z = max X;
1 1 L.
. 0
5 & F(2) = PZ £2) = Pmax X, £2) = P( (" ) X £2) = PE[ A2
0N (x)2=O En(x) L
' ‘Ex ElX - A isthe event that X, £z ® i.i.d
E(x,x,)=f o P(A) =F, (2) = F«(2)
TEX =]

independence ® uncorrelatedness (the converse fails)
0 two random variables can be uncorrelated even though
the one determines the other

F2(e) =P A= O P(A)=(F (2
f(2)=n(F ()" (2

i.i.d : independent and identically distributed
P mutually independent and have a common Fx

b (") Fy (x)=Fc(x)
£, 00)= O 1 (x)

Y
P(X1=X1,....Xr=Xn) = OQ P(X = x)

i=1

X be atwo-dimentiona random vector (X1, X2) whose
components X; and X, are independent random variables.

Y be the two-dimensional random vector (Y 1,Y ) whose
components are the random variables
Y= gl(x 1) and
Y2 =0a(X2)
respectively;
where g; and g, are Borel functions defined on Wy, and Wk
respectively.
®
random variables Y1 and Y, are statistically independent.

For large n,
assume median ny to be large
® Fx(my)»1

Fz(n't) - % =@ In2

= (Fx(my) )" = (1- (1-Fx(m) ) )" = (1-x)"
> &¥ = @ Nl-Folm))

In2
Fx(m) = 1'7

Fe(y) = P(Y £y) = P(min X; £y) = P(($i) X £2) = anAg
i 1]

=1- P?] Acgz 1- (Tj P(AC):]-' (1' Fy (Y))n

fy(y)=n(t- R (y)" " fx(y)

Maxima and Minima of Random Variables
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For large n, Fx(my) will be small
1_ i
F(my) = E =g'?
=1- (1-Fx(my) )" = 1- (1-X)" » 1-€* = 1-g "x(™)

In2
Px(my) = = -
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